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1. Introduction 

In [5] we obtained a classification of formal deformations of a gerbe on a manifold 
(C°° or complex-analytic) in terms of Maurer-Cartan elements of the DGLA of 
Hochschild cochains twisted by the cohomology class of the gerbe. In the present 
paper we develop a different approach to the derivation of this classification in the 
setting of C°° manifolds, based on the differential-geometric approach of [I]. 

The main result of the present paper is the following theorem which we prove 
in Section [5] 

Theorem 1. Suppose that X is a C°° manifold and S is an algebroid stack on X 
which is a twisted form of Ox- Then, there is an equivalence of 2-groupoid valued 
functors of commutative Artin <C-algebras 

Beix(S) = MC 2 (g DR (J x ) ls] ) . 

Notations in the statement of Theorem [1] and the rest of the paper are as 
follows. We consider a paracompact C°°-manifold X with the structure sheaf Ox 
of complex valued smooth functions. Let S be a twisted form of Ox , as defined in 
Section [4~5l Twisted forms of Ox are in bijective correspondence with O^-gerbes 
and are classified up to equivalence by H 2 (X; O x ) = H 3 (X; Z). 

One can formulate the formal deformation theory of algebroid stacks ( (TTJ [T5] ) 
which leads to the 2-groupoid valued functor Defjf(<5) of commutative Artin C- 
algebras. We discuss deformations of algebroid stacks in the Section[B] It is natural 
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to expect that the deformation theory of algebroid pre-stacks is "controlled" by 
a suitably constructed differential graded Lie algebra (DGLA) well-defined up to 
isomorphism in the derived category of DGLA. The content of Theorem [T] can be 
stated as the existence of such a DGLA, namely g(Jx)[s], which "controls" the 
formal deformation theory of the algebroid stack S in the following sense. 

To a nilpotent DGLA g which satisfies q 1 = for i < — 1 one can associate its 
Deligne 2-groupoid which we denote MC 2 (fl), see [IT] [10] and references therein. 
We review this construction in the Section [3] Then the Theorem [TJ asserts equiva- 
lence of 2-groupoids Defx(<S) and MC 2 (0 D r(J7x)[s])- 

The DGLA g(Jx)[s] is defined as the [5] -twist of the DGLA 

9m(Jx) :=r(X;DR(CVx))[l]) . 

Here, Jx is the sheaf of infinite jets of functions on X, considered as a sheaf 
of topological Ox-algebras with the canonical flat connection V C£m . The shifted 
normalized Hochschild complex C (Jx)[l] is understood to comprise locally de- 
fined Ox-hnear continuous Hochschild cochains. It is a sheaf of DGLA under the 
Gerstenhaber bracket and the Hochschild differential 8. The canonical flat connec- 
tion on Jx induces one, also denoted V ca ™, on C (J7x))[l]- The flat connection 
yean commu tes with the differential 8 and acts by derivations of the Gerstenhaber 
bracket. Therefore, the de Rham complex DR(C*(Jx))[l]) := ® C'(Jx))[l]) 
equipped with the differential V can + 8 and the Lie bracket induced by the Ger- 
stenhaber bracket is a sheaf of DGLA on X giving rise to the DGLA q(Jx) of 
global sections. 

The sheaf of abelian Lie algebras Jx/Ox acts by derivations of degree —1 on 
the graded Lie algebra C (J7x)[l] via the adjoint action. Moreover, this action 
commutes with the Hochschild differential. Therefore, the (abelian) graded Lie al- 
gebra flx^J^x/Ox acts by derivations on the graded Lie algebra Q X ®C (Jx ))[!]• 
We denote the action of the form lo G il' x ® Jx / Ox by l u . Consider now the sub- 
sheaf of closed forms (Q x <g> Jx/Ox) cl which is by definition the kernel of V C£m . 
(Cl x <S> Jx/Ox) cl acts by derivations of degree k — 1 and this action commutes 
with the differential V ca ™ + 8. Therefore, for uj e T(X; [fl 2 ® J x /O x ) cl ) one 
can define the w-twist g(Jx)u> as the DGLA with the same underlying graded 
Lie algebra structure as g(Jx) and the differential given by V can + 8 + i w . The 
isomorphism class of this DGLA depends only on the cohomology class of lo in 
H 2 (T(X;n x ® Jx/O x )^ can )- 

More precisely, for /3 e T(X; Q^Jx/Ox) the DGLA Q m (Jx)u and g m ( J x 
are canonically isomorphic with the isomorphism depending only on the equiva- 
lence class P + lm{V can ). 

As we remarked before a twisted form S of Ox is determined up to equiva- 
lence by its class in H 2 (X; O x ). The composition O" ^O x /C x ^0/C^> 
DR(jyO) induces the map H 2 (X;O x ) -> H 2 (X; m{J/0)) ^ H 2 (T(X;ti x ® 
Jx/Ox), V can ). We denote by [S] e H 2 (T(X; il x ® J x /O x ), V ca ") the image of 
the class of S. By the remarks above we have the well-defined up to a canonical 
isomorphism DGLA Qm(Jx)[s]- 
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The rest of this paper is organized as follows. In the Section [5] we review 
some preliminary facts. In the Section [3] wc review the construction of Dcligne 2- 
groupoid, its relation with the deformation theory and its cosimplicial analogues. 
In the Section S] we review the notion of algebroid stacks. Next we define matrix 
algebras associated with a descent datum in the Section [H In the Section [6] we 
define the deformations of algebroid stacks and relate them to the cosimplicial 
DGLA of Hochschild cochains on matrix algebras. In the Section [7] we establish 
quasiisomorphism of the DGLA controlling the deformations of twisted forms of 
Ox with a simpler cosimplicial DGLA. Finally, the proof the main result of this 
paper, Theorem [TJ is given in the Section [8] 



2. Preliminaries 

2.1. Simplicial notions. 

2.1.1. The category of simplices. For n — 0,1,2,... we denote by [n] the 
category with objects 0, . . . , n freely generated by the graph 

0^1^ > n . 

For 0<p<(j<nwe denote by (pq) the unique morphism p —> q. 

We denote by A the full subcategory of Cat with objects the categories [n] for 
n= 0,1,2,.... 

For < i < n + 1 we denote by di — df : [n] — » [n + 1] the i th face map, i.e. 
the unique map whose image does not contain the object i G [n + 1]. 

For < i < n — lwe denote by Sj = s™ : [n] — ► [n — 1] the i th degeneracy map, 
i.e. the unique surjective map such that Sj(i) = Si(i + 1). 

2.1.2. Simplicial and cosimplicial objects. Suppose that C is a category. By 
definition, a simplicial object in C (respectively, a cosimplicial object in C) is a 
functor A op — > C (respectively, a functor A — + C). Morphisms of (co)simplicial 
objects are natural transformations of functors. 

For a simplicial (respectively, cosimplicial) object F we denote the object 
F([n\) G C by F n (respectively, F n ). 

2.2. Cosimplicial vector spaces. Let V* be a cosimplicial vector space. 
We denote by C'(V) the associated complex with component C n {V) — V n and 
the differential d n : C n {V) -> C n+1 (V) defined by d n = ^^-l) 1 ^, where df is 
the map induced by the i th face map [n] — > [n + 1] . We denote cohomology of this 
complex by H'(V). 

The complex C'(V) contains a normalized subcomplex C (V). Here C (V) = 
{V G V n | s™w = 0}, where s™ : [re] — > [re — 1] is the i th degeneracy map. Recall 
that the inclusion C (V) — » C*(V r ) is a quasiisomorphism. 
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Starting from a cosimplicial vector space V* one can construct a new cosim- 
plicial vector space V* as follows. For every A : [n] — > A set V x = V x ^ n \ Sup- 
pose given another simplex fi : [m] — > A and morphism </> : [m] — -» [n] such that 
/i = A o i.e. is a morphism of simplices /i — > A. The morphism (On) factors 
uniquely into — > </>(0) — > 0(m) — > n, which, under A, gives the factorization of 
A(0n) : A(0) -> A(n) (in A) into 

A(0) — ^- + m(0) — 2 — » M(m) — A(n) , ( 2 -l) 
where 5 = /i(0m). The map fJ>(m) — > A(n) induces the map 

: V" -> V> A (2.2) 
Set now y™ = J] A V x . The maps (|2.2|l endow V' with the structure of a 

[n] — >A 

cosimplicial vector space. We then have the following well-known result: 
Lemma 2.1. 



H'(V)SiH m (V) (2.3) 

Proof. We construct morphisms of complexes inducing the isomorphisms in co- 
homology. We will use the following notations. If / G V n and A : [n] — > A we 
will denote by /(A) e 1/ A its component in V x . For A : [n] — ► A we denote by 
%*] : A its truncation: A|yq(i) = A(i + j), A|y;](z,fc) = A((i+j) {k+j)). 

For Ai : [rii] — > A and A2 : [712] — ► A with Ai(ni) = A2(0) define their concatena- 
tion A = Ai * A2 : [tii + n 2\ — > A by the following formulas. 



A(<) 



Ai(i) if i < rii 
A2(i — Hi) if i > ni 



Ai(ifc) if i, k < ri\ 
A(ik) = < Aa((i — n.i) (fc — ni)) if i, fc > ni 

A2(0 (fc — nif) o X(ini) if i < ni < fc 

This operation is associative. Finally we will identify in our notations A : [1] — > A 
with the morphism A(01) in A 

The morphism C'(V) — > C*(V) is constructed as follows. Let A : [n] — » A be a 
simplex in A and define Afc by A(fc) = [Afc], k = 0, 1, . . . ,n. Let T(A) : [n] — » A(n) 
be a morphism in A defined by 

(T(A))(fc) = X(kn)(X k ) (2.4) 

Then define the map L : V — > V* by the formula 

(t(»))(A) = T(A)*w for v S y" 

This is a map of cosimplicial vector spaces, and therefore it induces a morphism 
of complexes. 
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The morphism 7r : C'(V) — > C'(V) is defined by the formula 
n(f) = (-1)^ ^ (-l) i0+ - +i ^f(dl * c£ * . . . * 9^) for / e V" 

0<i fc <fe+l 

when n > 0, and 7t(/) is V° component of / if n = 0. 

The morphism i o tt is homotopic to Id with the homotopy h : C'(V) — > 
C ,_1 (y) given by the formula 

^/w = E E (-i)'^-^- 1 /^ * • • • * * t ( a Im) * % 

j=0 0<i fc <fe+l 

for / e V n when n > 0, and h(f) = if n = 0. 

The composition 7r o t : C*(V r ) — > C*(V r ) preserves the normalized subcomplex 
C (V) and acts by identity on it. Therefore tt o l induces the identity map on 
cohomology. It follows that 7r and i are quasiisomorphisms inverse to each other. 

□ 

2.3. Covers. A cover (open cover) of a space X is a collection U of open 
subsets of X such that {J UeU U = X. 

2.3.1. The nerve of a cover. Let N U = ]J UeU U. There is a canonical aug- 
mentation map 

Un aj(U<->X) 

e : N U U X 

Let 

N p U = N Ux x ---x x N U , 

the (p + l)-fold fiber product. 

The assignment NU : A 9 \p] N p U extends to a simplicial space called the 
nerve of the cover U. The effect of the face map d™ (respectively, the degeneracy 
map s") will be denoted by d l — d l n (respectively, q = <r") and is given by the 
projection along the i th factor (respectively, the diagonal embedding on the i th 
factor). Therefore for every morphism / : \p] — > [q] in A we have a morphism 
N q U — > N P U which we denote by /*. We will denote by /* the operation (/*)* of 
pull-back along /*; if T is a sheaf on N p U then f*T is a sheaf on N q U. 

For < i < n + 1 we denote by pr™ : N n U —> NqU the projection onto the i th 
factor. For < j < m, < ij < n the map pr io x • • • x pr lm : N n U — > (N U) m can 
be factored uniquely as a composition of a map N n U — ► N m U and the canonical 
imbedding N m U -> {N U) m . We denote this map N n U -> N m U by pr™ im . 

The augmentation map eo extends to a morphism e : NU — > X where the latter 
is regarded as a constant simplicial space. Its component of degree n e n : N n U — > X 
is given by the formula e„ = e o pr™ . Here 0<z<n+lis arbitrary. 
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2.3.2. Cech complex. Let J 7 be a sheaf of abelian groups on X. One defines 
a cosimplicial group C'(U,J-) = T(NJA;e*J 7 ) 1 with the cosimplicial structure in- 
duced by the simplicial structure of NU. The associated complex is the Cech 
complex of the cover U with coefficients in T . The differential d in this complex 
is given by £(-1)^)*. 

2.3.3. Refinement. Suppose that U and V are two covers of X. A morphism of 
covers p : U — > V is a map of sets p :U — > V with the property U C jo(t/) for all 
£7 G U. 

A morphism p : W — > V induces the map ATp : A^W — > ATV of simplicial spaces 
which commutes with respective augmentations to X. The map Nop is determined 
by the commutativity of 

U > N U 

N p 

p(U) > NvV 

It is clear that the map Nop commutes with the respective augmentations (i.e. is a 
map of spaces over X) and, consequently induces maps N n p = (Nop) Xxn+ which 
commute with all structure maps. 

2.3.4. The category of covers. Let Cov(A)o denote the set of open covers of 
X. For W,V6 Cov(A)o we denote by Cov(X)\(U, V) the set of morphisms U — > V. 
Let Cov(X) denote the category with objects Cov(X)o and morphisms Cov(A)i. 
The construction of 12.3.11 is a functor 

N : Cov(A) -> Top A ° P /^ • 



3. Deligne 2-groupoid and its cosimplicial analogues 

In this section we begin by recalling the definition of Deligne 2-groupoid and its 
relation with the deformation theory. We then describe the cosimplicial analogues 
of Deligne 2-groupoids and establish some of their properties. 

3.1. Deligne 2-groupoid. In this subsection we review the construction of 
Deligne 2-groupoid of a nilpotent differential graded algebra (DGLA). We follow 
[TT| [TO] and references therein. 

Suppose that g is a nilpotent DGLA such that g z = for i < — 1. 

A Maurer-Cartan element of jj is an element 7 G fl 1 satisfying 

d 7 +i[ 7 ,7]=0. (3.1) 
We denote by MC 2 (g)o the set of Maurer-Cartan elements of g. 
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The unipotcnt group exp g° acts on the set of Maurer-Cartan elements of g by 
the gauge equivalences. This action is given by the formula 

(expX) ■ 7 = 7 " f] T^MidX + [ 7 ,X]) 

If exp X is a gauge equivalence between two Maurer-Cartan elements 71 and 72 = 
(expX) ■ 71 then 

d + ad72 = Ad exp X (d + ad 71). (3.2) 

We denote by MC 2 (0)1(71, 72) the set of gauge equivalences between 71, 72. The 
composition 

MC 2 ( )i(72,73) x MC 2 (0)1(71, 72) -» MC 2 ( )i( 7 i,7 3 ) 

is given by the product in the group expg . 

If 7 GMC 2 ( S ) we can define a Lie bracket [•, -L on q 1 by 

[a, b]j = [a, db+ [7, b]}. (3.3) 

With this bracket g _1 becomes a nilpotent Lie algebra. We denote by exp 7 g _1 
the corresponding unipotent group, and by exp 7 the corresponding exponential 
map g -1 — > exp 7 g _1 . If 7^ j 2 are two Maurer-Cartan elements, then the group 
exp 7 g~ 1 acts on MC 2 (fl)i (71, 72). Letexp 7 i G cxp 7 g _1 and let exp A" G MC 2 (g)i(7i, 72). 
Then 

(exp 7 i) • (exp Jf) = cxp(dt + [7, t]) expX G expg 

Such an element exp 7 t is called a 2-morphism between expX and (expt) • (expX). 
We denote by MC 2 (g) 2 (expX, expF) the set of 2-morphisms between expX and 
expF. This set is endowed with a vertical composition given by the product in 
the group exp 7 g -1 . 

Let 71, 72, 73 g MC 2 (g) . Let expX^, expYi 2 G MC 2 (fl)i(7i, 72) and expX 23 , 
expF 2 3 G MC 2 (g)i(72, 73). Then one defines the horizontal composition 

<8> : MC 2 (g) 2 (expX23,cxpr 2 3) x MC 2 (g) 2 (cxpXi2,expyi 2 ) -> 

MC 2 (g) 2 (expX 2 3 exp X12 , exp X 23 exp Yi 2 ) 

as follows. Let exp 72 t 12 G MC 2 (g) 2 (cxp A" 12 ,exp Y 12 ), cxp 73 i 2 3 G MC 2 (g) 2 (expX23,expY23)- 
Then 

exp 73 t 23 <8> exp 72 1 12 = exp 73 1 23 cxp 73 (e ad * 23 (t 12 )) 

To summarize, the data described above forms a 2-groupoid which we denote 
by MC 2 (g) as follows: 

1. the set of objects is MC 2 (g)o 

2. the groupoid of morphisms MC 2 (g)(7i, 72), 7* G MC 2 (g)o consists of: 
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• objects i.e. 1-morphisms in MC 2 (g) are given by MC 2 (0)1(71, 72) - the 
gauge transformations between 71 and 72. 

• morphisms between expX, expY" e MC 2 (g)i(7i, 72) are given by MC 2 (g) 2 (exp AT, exp 

A morphism of nilpotent DGLA <f> : q — ► f) induces a functor <f> : MC 2 (jj) — * 
MC 2 ( ). 

We have the following important result ( [12] , [11] and references therein). 

Theorem 3.1. Suppose that cp : g — > f) is a quasi- isomorphism of DGLA and let 
m be a nilpotent commutative ring. Then the induced map (j) : MC 2 (g <8> m) -» 
MC 2 (() ® m) is an equivalence of 2-groupoids. 

3.2. Deformations and Deligne 2-groupoid. Let k be an algebraically 
closed field of characteristic zero. 

3.2.1. Hochschild cochains. Suppose that A is a /c-vector space. The ^-vector 
space C n (A) of Hochschild cochains of degree n > is defined by 

C n {A) :=Hom fc (A®",A) . 

The graded vector space q{A) :— C'{A)[V\ has a canonical structure of a graded Lie 
algebra under the Gcrstenhaber bracket denoted by [ , ] below. Namely, C* {A)[V\ 
is canonically isomorphic to the (graded) Lie algebra of derivations of the free 
associative co-algebra generated by A[l}. 

Suppose in addition that A is equipped with a bilinear operation /i : A® A A, 
i.e. fi S C 2 (A) = fl 1 (A). The condition — is equivalent to the associativity 
of \i. 

Suppose that A is an associative fc-algebra with the product /i. For a € g(^4) 
let 6(a) = \pi,a]. Thus, 5 is a derivation of the graded Lie algebra q(A). The 
associativity of /1 implies that 5 2 — 0, i.e. 5 defines a differential on q(A) called 
the Hochschild differential. 

For a unital algebra the subspace of normalized cochains TT (A) C C n (A) is 
defined by 

73° (A) :=Rom k ((A/k-lf n ,A) . 

The subspace C {A)[l] is closed under the Gerstenhaber bracket and the action 
of the Hochschild differential and the inclusion C (^4)[1] C*(A)[1] is a quasi- 
isomorphism of DGLA. 

Suppose in addition that R is a commutative Artin fc-algebra with the nilpotent 
maximal ideal The DGLA g(A) ®k^R is nilpotent and satisfies Q l (A) ®k^R = 
for i < — 1. Therefore, the Deligne 2-groupoid MC 2 (g(A) ®k irifl) is defined. 
Moreover, it is clear that the assignment R 1— > MC 2 (q(A) Cg)fc xxir) extends to a 
functor on the category of commutative Artin algebras. 
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3.2.2. Star products. Suppose that A is an associative unital fc-algebra. Let m 
denote the product on A. 

Let R be a commutative Artin fc-algebra with maximal ideal m fl . There is a 
canonical isomorphism R/mn = fc. 

A (R- )star product on A is an associative i?-bilinear product on A(x)kR such that 
the canonical isomorphism of fc-vector spaces (A®kR) ®i? k = A is an isomorphism 
of algebras. Thus, a star product is an i?-deformation of A. 

The 2-category of i?-star products on A, denoted Dei(A)(R), is defined as the 
subcategory of the 2-category Alg^ of i?-algebras (see I4.1.1j) with 

• Objects: i?-star products on A, 

• 1-morphisms <f> : m\ — > m 2 between the star products //, those i?-algebra 
homomorphisms <f) : (A 0^ R,mi) — ► (A i?, m 2 ) which reduce to the 
identity map modulo vcir, i.e. (£)# fc = Ida 

• 2-morphisms b : <p — > ^, where 0, ^ : mi — > m 2 are two 1-morphisms, are 
elements b G 1 + A <&k ma d A®^R such that m 2 (0(a), b) = m 2 (6, i/>( a )) f° r 
all a G A ® fc i?. 

It follows easily from the above definition and the nilpotency of that Def (A) (R) 
is a 2-groupoid. 

Note that Dei(A)(R) is non-empty: it contains the trivial deformation, i.e. the 
star product, still denoted m, which is the i?-bilinear extension of the product on 
A. 

It is clear that the assignment R i— > Dei(A)(R) extends to a functor on the 
category of commutative Artin fc-algebras. 

3.2.3. Star products and the Deligne 2-groupoid. We continue in notations 
introduced above. In particular, we are considering an associative unital fc-algebra 
A. The product m G C 2 {A) determines a cochain, still denoted m G Q 1 (A) ®* R, 
hence the Hochschild differential S = [m, ] in g(A) <S>k R for any commutative Artin 
/c-algebra R. 

Suppose that ml is an i?-star product on A. Since /u(rn') := m! — m = 
mod rrifl we have /x(m') G 1 (^4) ®fc tn^. Moreover, the associativity of m' implies 
that /x(m') satisfies the Maurer-Cartan equation, i.e. /u(rn') G MC 2 (rj(A) (8>fctnR)o- 

It is easy to see that the assignment ml i— > fj,(m') extends to a functor 

Def(A)(i?) - MC 2 ( (A) ® fc m R ) . (3.4) 
The following proposition is well-known (cf. [9l [Til [TO] ) . 
Proposition 3.2. The functor (|3.4| is an isomorphism of 2-groupoids. 

3.2.4. Star products on sheaves of algebras. The above considerations gen- 
eralize to sheaves of algebras in a straightforward way. 

Suppose that A is a sheaf of fc-algebras on a space X. Let m : A ®fe A — > A 
denote the product. 
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An i?-star product on A is a structure of a sheaf of an associative algebras 
on A ®fe R which reduces to fi modulo the maximal ideal m_R. The 2-category 
(groupoid) of R star products on A, denoted Def (A)(R) is defined just as in the 
case of algebras; we leave the details to the reader. 

The sheaf of Hochschild cochains of degree n is defined by 

C n (A) :=Hom(i 8 ",i). 

We have the sheaf of DGLA g(A) := C'(A)[1], hence the nilpotcnt DGLA T(X; g(A)<8>k 
trifl) for every commutative Artin k- algebra R concentrated in degrees > — 1. 
Therefore, the 2-groupoid MC 2 (r '(X ; q(A) ® fe m R ) is defined. 

The canonical functor Dei(A)(R) — > MC 2 (r(A; q(A) <S>km R ) defined just as in 
the case of algebras is an isomorphism of 2-groupoids. 

3.3. 0-stacks. Suppose that (5: [n] — > 0™ is a cosimplicial DGLA. We assume 
that each <5 n is a nilpotent DGLA. We denote its component of degree i by & n ' z 
and assume that & n ' 1 = for i < — 1. 

Definition 3.3. A ©-stack is a triple 7 = (7°,7 1 ,7 2 ), where 

. 7 G MC 2 (<5°)o, 

. 7 1 eMC 2 ((S 1 ) 1 (a V,9 1 °7 ), 
satisfying the condition 

sW = W 

. 7 2 G MC 2 (© 2 ) 2 (a 2 1 ( 7 1 ) oa 1 ( 7 1 ),9i 1 (7 1 )) 
satisfying the conditions 

a| 72 o (id ® a 2 72 ) = a 2 72 o (a 2 72 ® id) 

4i 2 - *h 2 = " { } 

Let Stack(©) denote the set of ©-stacks. 

Definition 3.4. For 71,72 G Stack(©)o a 1-morphism 1 : 71 — > 72 is a pair 
3 = (J 1 ,! 2 ), where J 1 G MC 2 (0°) 1 ( 7l °, 72), ? G MC 2 (<S 1 ) 2 (7 2 1 o9 °p 1 ),9 1 p 1 )o 7l 1 ), 
satisfying 



(id ® 7 2 ) o (d^y ® id) o (id ® a,^ 2 ) = a^ 2 o ( 7 2 ® id) 



,112 



S, 



3 2 = Id 



(3-6) 



Let Stack(0)i(7i, 72) denote the set of 1-morphisms 71 — > 72 
Composition of 1-morphisms J : 71 — > 72 and "I : 72 — > 73 is given by ("I 1 o 
^,0 2 «)ld)o(ld®l 2 )). 

Definition 3.5. For 3i,3 2 £ Stack(<3)i(7i, 72) a 2-morphism : Hi — ► J 2 is a 
2-morphism e MC 2 (0°) 2 Qi, J2) which satisfies 

3 2 o (Id ® <9°0) = (9 1 V«)Id)oJ 2 (3.7) 
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Let Stack(C5) 2 pi,32) denote the set of 2-morphisms. 

Compositions of 2-morphisms are given by the compositions in MC 2 (©°)2- 
For 71,72 G Stack(25) , we have the groupoid Stack(C5) (71 , 72) with the set of 

objects Stack((5)i(7i, 72) and the set of morphisms Stack((5)2Qi,32) under vertical 

composition. 

Every morphism of cosimplicial DGLA induces in an obvious manner a functor 
0* : Stack(<5 ® m) -> Stack(£ <8 m) 

We have the following cosimplicial analogue of the Theorem 13. II 

Theorem 3.6. Suppose that 9 : © — > f) is a quasi-isomorphism of cosimpli- 
cial DGLA and m is a commutative nilpotent ring. Then the induced map 9* : 
Stack(© (8 m) — > Stack(f) ® m) is an equivalence. 

Proof. The proof can be obtained by applying the Theorem 13.11 repeatedly. 

Let 71, 72 G Stack(0 ® m)o, and let Hi, "}% be two 1-morphisms between 71 
and 72. Note that by the Theorem O 0* : MC 2 (©° <g> m) 2 {2\,2\) -> MC 2 (i} <8 
m) 2 (^*Ji, 6**J 2 ) is a bijection. Injectivity of the map 9* : Stack(C5 (8 111)2 pi,^) - * 
Stack(55 ® m) 2 (0*3i, 6*^3 2 ) follows immediately. For the surjectivity, notice that 
an element of Stack(io (8 1X1)2(0*^1, 0*J2) is necessarily given by 9*<f> for some <j) G 
MC 2 (©° (8>tn)Qi, ^2)2 and the following identity is satisfied in MC 2 ^ 1 <8m)(0*(72 o 
ag3l),6» st (9 1 ^o 7l 1 )) 2 : 6»*Q| 0(9^® Id)) = fl.((Id®af^)o3?). Since 0, : MC 2 (6 1 (g> 
m)( 72 1 o d^id^l o 7 J) a -> MC 2 ^ 1 <8m)(04 72 1 o d$l{), 6*{d$l o 7l 1 )) 2 is bijective, 
and in particular injective, 3 2 o (<9q</> (8 Id) = (id 18 d\4>) 3 2 , and <j> defines an 
element in Stack(25 81x1)2(^1,^2)- 

Next, let 71, 72 G Stack((3 (8 m)o, and let H be a 1-morphisms between 0*71 
and 0*72. We show that there exists "1 G Stack(G5 (8 1x1)1(71,72) such that 0*1 is 
isomorphic to X Indeed, by Theorem l3.ll there exists "I 1 G MC 2 ((5° (81x1)1(71,72) 
such that MC 2 (£° (8 m) 2 (0»~I 1 ,3) 7^ 0. Let G MC 2 (f)° <8 m) 2 (0*1 1 , J). Define 
V> G MC 2 (^ 1 ®m)2(0*(7 2 1 o5g"l 1 ),0*(5 1 °~l 1 °7i 1 )) by V = (a?0®Id)- 1 o3 2 o(ld®5^). 
It is easy to verify that the following identities holds: 

(Id (8 0*7i) o (d\ip (8 Id) o (Id (8 <9 V) = ° (0*7 2 ® Id) 

= Id 

By bijectivity of 0» on MC 2 there exists a unique ~I 2 G MC 2 (^ 1 (8 m ) 2 (7 2 o 
c?q ~ t 1 , c? ° "1 1 07J) such that 0*~l 2 = ip. Moreover, as before, injectivity of 0» implies 
that the conditions (|3.6p are satisfied. Therefore 1 = ("I 1 , 1 2 ) defines a 1-morphism 
7i —* 72 and <f> is a 2-morphism 0*~I — > J. 

Now, let 7 G Stack(.f) (8 m)o- We construct A G Stack(© ® m)o such that 
Stack(.f) (8 m) i(0* A, 7) 7^ 0. Indeed, by the Theorem |3~T1 there exists A G 
MC 2 (0° ® m)o such that MC 2 (£)° (8 m)i(0*A°, 7 ) ^ 0. Let J 1 G MC 2 (£° ® 
m)i(0* A, 7). Applying Theorem l3 . 1 l again we obtain that there exists /1 G MC ((9 1 ® 
mMagA ,^^ ) such that there exists G MC 2 ^ 1 <8 m) 2 (7 1 o flgJSflJJ 1 ° 0*m)- 
Then Sq</> is then a 2-morphism I 1 — » 3 1 o (sq/i), which induces a 2-morphism 
V : (4M)" 1 -> Id- 

Set now A 1 = /i o (dg^))- 1 G MC 2 (0 1 (8m)i(9oA°, 9°A°), J 2 = <£®(dgi/0 _1 G 
MC 2 ^ 1 ®m) 2 (7 1 oSg^.SfJ 1 o^a 1 ). It is easy to see that sjA 1 = Id, sJ3 2 = Id. 
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We then conclude that there exists a unique A 2 such that 



(Id g> 6U 2 ) o (dlT ® Id) o (Id <g> dll 2 ) = d\1 2 o ( 7 2 <s> Id). 



Such a A 2 



necessarily satisfies the conditions 



<9 2 A 2 o (id <g> d 2 X 2 ) = d 2 X 2 o (a 2 A 2 ® Id). 
s 2 A 2 = s 2 X 2 = Id 



Therefore A = (A , A 1 , A 2 ) e Stack(© ® m), and H = Q 1 ,!! 2 ) defines a 1-morphism 



3.4. Acyclicity and strictness. 

Definition 3.7. A ©-stack (7 , 7 1 , j 2 ) is called strict if <9§7° = <9?7°, 71 = Id and 
72 = Id. 

Let Stacks tr (©)o denote the subset of strict ©-stacks. 
Lemma 3.8. Stack str (0) o = MC 2 (ker(©° =t © 1 )) 

Definition 3.9. For 71, 72 6 Stack Str (©) a 1-morphism 3 = Q\3 2 ) € Stack(<5)i( 7 i 
is called strict if Sgp 1 ) = Sjp 1 ) and 3 2 = Id. 

For 71, 72 6 Stack5 tr (©) we denote by Stacksf r ((8)1(71, 72) the subset of strict 
morphisms. 



Lemma 3.10. For 71,72 £ Stack Str (<S)o Stack Str (©)i (71, 72) = MC 2 (ker(©° =| 



For 71,72 € Stack5 tr (©) let Stacks ((8) (71, 72) denote the full subcategory 
of Stack(<8) (71 , 72) with objects Stacks tr (6)1(71, 72). 

Thus, we have the 2-groupoids Stack((S) and Stacks tr ((5) and an embedding 
of the latter into the former which is fully faithful on the respective groupoids of 
1-morphisms. 

Lemma 3.11. Stack str (0) = MC 2 (ker(©° =4 (3 1 )) 

Suppose that (5 is a cosimplicial DGLA. For each n and i we have the vector 
space <S™' 1 , namely the degree i component of 6™. The assignment n 1— > (8™ is a 
cosimplicial vector space 



We will be considering the following acyclicity condition on the cosimplicial 
DGLA <S: 



Theorem 3.12. Suppose that <3 is a cosimplicial DGLA which satisfies the condi- 
tion (|3.8j) . and m a commutative nilpotent ring. Then, the functor l : Stacks tr (©® 
m) — > Stack(© ®m)) is an equivalence. 



0„A -> 7. 



□ 



for all i S Z, H p (<5'^) = for p ^ 



(3.8) 



Deformations of gerbes 
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Proof. As we noted before, it is immediate from the definitions that if 71, 72 £ 
Stackstr(C5 (g) m) , and 3i,3 2 & Stacks tr (© <g> m)i(7i,7 2 ), then l : Stacks tr (<5 (g> 
m )2pi,^2) — * Stacks tr (C5 (g> m) 2 (!li,!l 2 ) is a bijection. 

Suppose now that 71 , 72 G Stacks tr (<S(g>m)o, 3 = (2 1 1 2 2 ) £ Stack(0®m)i(7i, 72). 
We show that then there exists "I G Stackst r ((S)i(7i,72) and a 2-morphism <\> : 2 — > 
1. Let 3 2 = exp a o 7 o 5, g G (0 1 ® m). Then c^g - dig + d\g — mod m 2 . By the 
acyclicity condition there exists a G (©° ® m) such that dgO, — c^a = g mod m 2 . 
Set </>i = exp 7 o a. Define then ~I X = (</>i • 3 1 , (dj^i Id) o] 2 o (id <8 Sg^i)" 1 ) 6 
Stack(© tn) 1 (71 , 72 ) . Note that <pi defines a 2-morphism 2 — > "li. Note also 
that "I 2 € exp a o 7 o(35 ® m 2 ). Proceeding inductively one constructs a sequence 
"Ife G Stack(<3 ® m)i(7i,7 2 ) such that ~1 2 G exp(G5 ® m fc+1 ) and 2-morphisms 
4>k : 3 — > "Ife, 0^+1 = 0^ mod m fc . Since m is nilpotent, for fc large enough 
"Ife G Stack str (6)1(71, 72). 

Assume now that 7 G Stack(G5 Cg) m)o- We will construct A G Stacks tr ((3 (g> m)o 
and a 1-morphism 2 : 7 — > A. 

We begin by constructing /i G Stack(0 ® m)o such that /i 2 = Id and a 1- 
morphism "1 : 7 — s- A. We have: 7 2 = exp a i a o c, c G (6 2 (g>m). In view of the 
equations ()3.5() c satisfies the following identities: 



<9q C - 5f c + die -dlc = mod m 
SgC = s\c = 



(3.9) 



By the acyclicity of the normalized complex we can find b G (3 1 <g) m such 
that d^b — d\b + d\b = c mod m 2 , s^b = 0. Let <f>x = exp a o 7 o(— b). Define then 
/ii = (/ij 1 , /ij, /i 2 ) where /i® = 7 , — <pi ■ 7 1 , and /i 2 is such that 

(Id ® 7 2 ) o (5 2 Vi ® Id) o (Id ® &l4>i) = d\4>i o (/i 2 ® Id) 

Note that /i 2 = Id mod m 2 and (Id, cf>i) is a 1-morphism 7 — > /ii. As before 
we can construct a sequence /ife such that /i 2 = Id mod m fc+1 , and 1-morphisms 
(Id, <j) k ) : 7 — » /ife, </>fc + i = </>fc mod m fc . As before we conclude that this gives 
the desired construction of /i. The rest of the proof, i.e. the construction of A is 
completely analogous. □ 

Corollary 3.13. Suppose that 25 is a cosimplicial DGLA which satisfies the con- 
dition (j3.8[) . Then there is a canonical equivalence: 

Stack(© ® m) ^ MC 2 (ker(©° =4 1 ) <g> m) 

Proof. Combine Lemma [3.111 with Theorem 13. 121 □ 



4. Algebroid stacks 

In this section we review the notions of algebroid stack and twisted form. We also 
define the notion of descent datum and relate it with algebroid stacks. 
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4.1. Algebroids and algebroid stacks. 

4.1.1. Algebroids. For a category C we denote by iC the subcategory of isomor- 
phisms in C; equivalently, iC is the maximal subgroupoid in C. 

Suppose that R is a commutative /c-algebra. 

Definition 4.1. An R-algebroid is a nonempty i?-linear category C such that the 
groupoid iC is connected 

Let Algd^ denote the 2-category of i?-algebroids (full 2-subcategory of the 
2-category of R- linear categories). 

Suppose that A is an i?-algebra. The i?-linear category with one object and 
morphisms A is an J?- algebroid denoted A + . 

Suppose that C is an i?-algebroid and L is an object of C. Let A — Endc(i). 
The functor A + — * C which sends the unique object of A + to L is an equivalence. 

Let Alg^j denote the 2-category of with 

• objects i?-algebras 

• 1-morphisms homomorphism of i?-algebras 

• 2- morphisms cj> — > -0, where : A — ► B are two 1-morphisms are elements 
b G B such that <j){a) ■ b — b ■ ip(a) for all a E A. 

It is clear that the 1- and the 2- morphisms in Alg^. as defined above induce 1- 
and 2-morphisms of the corresponding algebroids under the assignment A i— > A + . 
The structure of a 2-category on Alg^. (i.e. composition of 1- and 2- morphisms) 
is determined by the requirement that the assignment A A + extends to an 
embedding (•)+ : Alg^ — ► Algd H . 

Suppose that R — > S is a morphism of commutative fc-algebras. The assignment 
A^ A<g> R S extends to a functor (•) ® R S : A\g 2 R -> Alg|. 

4.1.2. Algebroid stacks. We refer the reader to [1] and [20] for basic definitions. 
We will use the notion of fibered category interchangeably with that of a pseudo- 
functor. A prestack C on a space X is a category fibered over the category of open 
subsets of X, equivalently, a pseudo-functor U ^ C(U), satisfying the following 
additional requirement. For an open subset U of X and two objects A,BE C(U) we 
have the presheaf Hom c (A, B) onU defined by U 2 V i— > Hornby) (A|y, B\b)- The 
fibered category C is a prestack if for any U, A,B G C(U), the presheaf Hom c [A, B) 
is a sheaf. A prestack is a stack if, in addition, it satisfies the condition of effective 
descent for objects. For a prestack C we denote the associated stack by C. 

Definition 4.2. A stack in i?-linear categories C on X is an R-algebroid stack if 
it is locally nonempty and locally connected, i.e. satisfies 

1. any point x G X has a neighborhood U such that C(U) is nonempty; 

2. for any U C X, x e U, A, Be C(U) there exits a neighborhood V C U of x 
and an isomorphism A\y = B\y. 



Deformations of gerbes 
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Remark 4.3. Equivalcntly, the stack associated to the substack of isomorphisms 
iC is a gerbe. 

Example 4.4. Suppose that A is a sheaf of i?-algebras on X. The assignment 
X D U i— > A{U) + extends in an obvious way to a prestack in i?-algebroids denoted 
A + . The associated stack A + is canonically equivalent to the stack of locally free 
„4° p -modules of rank one. The canonical morphism A + — > A + sends the unique 
(locally defined) object of A + to the free module of rank one. 

1-morphisms and 2-morphisms of i?-algebroid stacks are those of stacks in R- 
linear categories. We denote the 2-category of _R-algebroid stacks by AlgStack fi (X). 

4.2. Descent data. 

4.2.1. Convolution data. 

Definition 4.5. An R-linear convolution datum is a triple (U, Aoi, A012) consist- 
ing of: 

• a cover U G Cov(X) 

• a sheaf Aoi 01 i?-modules Aoi on NiU 

• a morphism 

Ami : (prj^Moi ®r (pr 2 12 )*A 01 -» (prj^Moi (4.1) 

of i?-modules 

subject to the associativity condition expressed by the commutativity of the dia- 
gram 

(pr^Moi ®k (pr? 2 )M i ®fl (pr| 3 )M i ^'^® m (pr^Moi ® fl (pr^)* A i 



Id®( V r 3 123 )'(Aoi2) 



(prg 23 )* (^012) 



( ? 4 1 )*A 01 ® R (pr? 3 )M i (Pr ° 13r( - A ° 12) : (prg 3 )M i 

For a convolution datum (U , Aoi , A012) we denote by A the pair (Aoi^Aou) 
and abbreviate the convolution datum by (U,A). 
For a convolution datum (U,A) let 

• A := (prQ )*^4 i; -4 is a sheaf of i?-modules on N U 

• A\ := (pif )*.4; thus for every p we get sheaves A\ , < i < p on A^Z//. 

The identities pr^ o pr[] 00 = pr? 2 o pr[] 00 = pr 02 o prg 00 = prj] imply that the 
pull-back of „4oi2 to NqU by pr[J 00 gives the pairing 

(pr° OQo y(Aoi2):A® R A^A. (4.2) 
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The associativity condition implies that the pairing (|4.2[) endows A with a structure 
of a sheaf of associative i?-algebras on NqU. 

The sheaf A\ is endowed with the associative i?-algebra structure induced by 
that on A. We denote by A p u the A\ ® R {A\ ) op -module A?, with the module 
structure given by the left and right multiplication. 

The identities prg x oprj 01 = pr° oprj, prf 2 oprj 01 = pr^ 2 oprj 01 = Id imply 
that the pull-back of A112 to N\U by prj 01 gives the pairing 

( P rJ 01 )*(A)i2) : A\ ® R Am -> Aoi (4.3) 

The associativity condition implies that the pairing (|4.3[) endows An with a struc- 
ture of a ^-module. Similarly, the pull-back of A012 to N±U by prj n endows Am 
with a structure of a (_4}) op -module. Together, the two module structures define 
a structure of a „4j ®^ („4}) op -module on An- 
The map (I4.ip factors through the map 

(proi)*^oi «U ? (pr? 2 )*A>i -» (prg 2 )Moi (4.4) 

Definition 4.6. A wmi for a convolution datum A is a morphism of i?-modules 

l-.R^A 

such that the compositions 

. l®Id .1 . (P r 00l)*(-^012) . 

Aoi ► A ®r Aai ► Aoi 

and 

A Idm , A rv> A 1 (p^hH- 4 ^) A 

Al > Al <X>fl A ► All 

are equal to the respective identity morphisms. 

4.2.2. Descent data. 

Definition 4.7. A descent datum on X is an i?-linear convolution datum (U,A) 
on X with a unit which satisfies the following additional conditions: 

1. An is locally free of rank one as a .Ag-module and as a („4}) op -modulc; 

2. the map (|4.4[) is an isomorphism. 

4.2.3. 1-morphisms. Suppose given convolution data (U,A) and (U,B) as in 
Definition 14.51 

Definition 4.8. A \-morphism of convolution data 
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is a morphism of i?-modules (fim : Am — > £>oi such that the diagram 
(pr^Moi ® R (pr 2 12 )*An (pr^Ai 

(pr^)*(0oi)®(pr? 2 )*(0oi)| |(prg 2 )*(*Oi) ( 4 - 5 ) 



(pr^)*Boi ®r (pr? 2 )*B 01 ( P r§ 2 )*B i 



is commutative. 



The 1-morphism <^> induces a morphism of i?-algebras <f> := (prQ )*(^>oi) : A — > 
B on NqU as well as morphisms <$[ := (pif )* ((f)) : Af — ► B\ on N P U. The morphism 
(^01 is compatible with the morphism of algebras 0o ® : ®i? (-^i) op - * 
B\ ®r (B\)° p and the respective module structures. 

A l-morphism of descent data is a 1-morphism of the underlying convolution 
data which preserves respective units. 

4.2.4. 2-morphisms. Suppose that we are given descent data (hi, A) and (U,B) 
as in 14.2.21 and two 1-morphisms 

as in l4~2"l?l 

A 2-morphism 

b : 4> — * ip 

is a section b 6 T(NqU;B) such that the diagram 

-4oi ► #o ® fl Boi 



I 



Soi^iiBi > Box 

is commutative. 



4.2.5. The 2-category of descent data. Fix a cover U of X. 

Suppose that we are given descent data (U,A), (U,B), (U,C) and 1-morphisms 
: (U,A) -> (W,B) and ?/> : (W,B) -> (W,C). The map Vox ° 0oi : Am -> Cox is a 
1-morphism of descent data ip o (f> : (Li, A) — > (IA,Q, the composition of 4> o,nd ip. 

Suppose that : (t/,.4) — * (U,B), i = 1,2,3, are 1-morphisms and : 
cfp) _> j = 1,2, are 2-morphisms. The section fe< 2 ) • &W £ T(N U;B) 

defines a 2-morphism, denoted the vertical composition of 

b {1) andb {2) . 

Suppose that : (U,A) -> (W,B), V ( '° : (i/,B) -» (W,C), i = 1,2, are 1- 
morphisms and b : <jP^ — > 0^ 2 \ c : — > V are 2-morphisms. The section c • 
il)^(b) G r(7VoW;C) defines a 2-morphism, denoted c®&, the horizontal composition 
of b and c. 

We leave it to the reader to check that with the compositions defined above 
descent data, 1-morphisms and 2-morphisms form a 2-category, denoted Desc r(IA). 
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4.2.6. Fibered category of descent data. Suppose that p : V — > U is a mor- 
phism of covers and (U,A) is a descent datum. Let Aq 1 — (Nip)*Aoi, Aq 12 = 
(N 2 p)*(Aoi2)- Then, (V,A P ) is a descent datum. The assignment (U,A) >— > 
(V,„4 P ) extends to a functor, denoted p* : Descn(U) —> Desc^(V). 

The assignment Cov(A) op 3 U — ► Desc^(W), p — > p* is (pseudo-)functor. Let 
Desc^(X) denote the corresponding 2-category fibered in i?-linear 2-categories 
over Cov(X) with object pairs (U,A) with U £ Cov(A) and (U,A) £ Desc#(ZY); a 
morphism (U',A!) — > {U,A) in Desc#(A) is a pair (p,(f>), where p : W — > W is a 
morphism in Cov(A) and : (W',,4') -> P*(W,,4) = {U'~A P ). 

4.3. Trivializations. 

4.3.1. Definition of a trivialization. 

Definition 4.9. A trivialization of an algebroid stack C on X is an object in C(X). 

Suppose that C is an algebroid stack on X and L £ C(X) is a trivialization. 
The object L determines a morphism End c (L)+ — > C. 

Lemma 4.10. T7ie induced morphism End c (L)+ C is an equivalence. 

Remark 4.11. Suppose that C is an i?-algebroid stack on A". Then, there exists a 
cover W of X such that the stack e^C admits a trivialization. 

4.3.2. The 2-category of trivializations. Let Triv^(X) denote the 2-category 
with 

• objects the triples (C,U,L) where C is an i?-algebroid stack on I, W is an 
open cover of X such that CqC{NqU) is nonempty and L is a trivialization of 
e* C. 

• 1-morphisms (C',U',L) — > (C,U,L) arc pairs (F, p) where p : W — > U is a 
morphism of covers, F : C — ► C is a functor such that (N p)*F(L r ) = L 

• 2-morphisms (F, p) (G, p), where (F,p),(G,p) : (C',U',L) -> {C,U,L), 
are the morphisms of functors F — > G. 

The assignment (C, W, L) ^ C extends in an obvious way to a functor Triv/{(A) — > 
AlgStack i? (A). 

The assignment {C,U, L) ^>U extends to a functor Triv/{(A) — > Cov(A) mak- 
ing Triv_fj(A) a fibered 2-category over Cov(A). For W £ Cov(A) we denote the 
fiber over U by Triv R (X)(U). 

4.3.3. Algebroid stacks from descent data. Consider (U,A) £ DescR(U). 
The sheaf of algebras A on NqU gives rise to the algebroid stack A + . The sheaf 

^4oi defines an equivalence 

<foi := (•) ®Al An : (prj)*^+ -» (pr})*^+ . 
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The convolution map A012 defines an isomorphism of functors 

0oi2 : (proi)*(<£oi) ° (pr? 2 )*(0oi) (pro 2 )*(0oi) • 

We leave it to the reader to verify that the triple {A + 1 <j)Q\ 1 ^012) constitutes a 
descent datum for an algebroid stack on X which we denote by St{U,A). 

By construction there is a canonical equivalence A + — > €QSt(U,A) which en- 
dows 6QSt(U,A) with a canonical trivialization 1. 

The assignment (U,A) 1— > (St(W,.4),W, 11) extends to a cartesian functor 

St : Vesc R (X) -> Triv^X) . 

4.3.4. Descent data from trivializations. Consider (C,U,L) £ Triv^(X). 
Since e o prj = e o pr} = a we have canonical identifications (prJ)*eoC = 
(prJ)*egC = e^C. The object L G €qC(N U) gives rise to the objects (prJ)*L and 
(pr})*L in e^C(iVoW). Let A i = Hom e , c ((pr})*L, (prJ)*L). Thus, A i is a sheaf 
of i?-modules on N\U. 

The object L e elC(N U) gives rise to the objects (prg)*L, (pr^)*L and {^r\)*L 
in €2C(N 2 U). There are canonical isomorphisms (pr^)*^. i = Hom e » c ((prf )*L, (pr|)*L). 
The composition of morphisms 

Hom £ , c ((pr2)*L, (pr^ L)®flHom £ , c (( P r2)*L, (pr?)*L) - Hom e . c ((pr2)*L, (pr*)*L) 
gives rise to the map 

(prgiJ'^oi (8>ij (pr? 2 )*.4oi -► (pr^)*^ 

Since pr^ o prg = Id there is a canonical isomorphism A := (prQ )*„4oi — 
End(L) which supplies A with the unit section 1 : R — > End(L) — ► A 

The pair (W, -4), together with the section 1 is a decent datum which we denote 
dd(C,U,L). 

The assignment (U,A) 1— ► dd(C, L) extends to a cartesian functor 
dd : Triv fl (X) -» Desc^X) . 
Lemma 4.12. The functors St and dd are mutually quasi-inverse equivalences. 

4.4. Base change. For an i?-linear category C and homomorphism of alge- 
bras R — ► S we denote by C S 1 the category with the same objects as C and 
morphisms defined by Home® H s(A, B) = Romc(A, B) <S)r S. 

For an i?-algcbra A the categories (A <S>r S) + and A + ®r S are canonically 
isomorphic. 

For a prestack C in i?-linear categories we denote by C ®r S the prestack 
associated to the fibcrcd category U C(f7) <8>i? 5. 

For U C X , A, B e C(U), there is an isomorphism of sheaves Hom C s £?) = 
Hom c (A, B) ®i{ 5. 
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Lemma 4.13. Suppose that A is a sheaf of R- algebras and C is an R-algebroid 
stack. 

1. {A + ®r S)~ is an algebroid stack equivalent to {A®r S) + . 

2. C ®r S is an algebroid stack. 

Proof. Suppose that A is a sheaf of i?-algebras. There is a canonical isomor- 
phism of prestacks {A®rS) + = A + ®rS which induces the canonical equivalence 

(AmTs)+ ^A+®r~S. 

The canonical functor A + — > -4+ induces the functor A + ®r S — » A + <S)r S, 
hence the functor A+ ®r S -> (A+ ®r S)~ . 

The map A — ► A ®r S induces the functor A + — > (A ®r S) + which factors 
through the functor A + ®r S — > (A<S>r From this we obtain the functor 

(A^®rS)~ -^(A^S)+. 

We leave it to the reader to check that the two constructions are mutually 
inverse equivalences. It follows that (^4+ ®r S)~ is an algebroid stack equivalent 
to (A® R S)+. 

Suppose that C is an i?-algebroid stack. Let Wbea cover such that CqC(NqU) is 
nonempty. Let L be an object in e^C^NoU); put A := End c . c (L). The equivalence 

A + — > egC induces the equivalence (A + ®rS)~ — * (€qCC§>rS)~ . Since the former is 
an algebroid stack so is the latter. There is a canonical equivalence (cqC ®# S*)~ = 

^o(C<E)rS); since the former is an algebroid stack so is the latter. Since the 

property of being an algebroid stack is local, the stack C CSirS is an algebroid 
stack. □ 



4.5. Twisted forms. Suppose that A is ajsheaf of i?-algebras on X. We will 
call an i?-algebroid stack locally equivalent to A op+ a twisted form of A. 

Suppose that S is twisted form of Ox- Then, the substack iS is an O x - 
gerbe. The assignment S i— > iS extends to an equivalence between the 2-groupoid 
of twisted forms of Ox ( a subcategory of AlgStack c (X)) and the 2-groupoid of 
O^-gerbes. 

Let S be a twisted form of Ox- Then for any U CI, ie S(U) the canonical 
map Ou — ► End g (A) is an isomorphism. Consequently, if IA is a cover of X and 
L is a trivialization of CqS, then there is a canonical isomorphism of sheaves of 
algebras NqU -> End £ . 5 (X). 

Conversely, suppose that (U,A) is a C-descent datum. If the sheaf of algebras 
A is isomorphic to Om u then such an isomorphism is unique since the latter has no 
non-trivial automorphisms. Thus, we may and will identify A with On u- Hence, 
Aoi is a line bundle on N\U and the convolution map »4oi2 is a morphism of line 
bundles. The stack which corresponds to (U,A) (as in !4.3.3|) is a twisted form of 
Ox- 
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Isomorphism classes of twisted forms of Ox are classified by H 2 (X; O x ). We 
recall the construction presently. Suppose that the twisted form S of Ox is repre- 
sented by the descent datum (U,A). Assume in addition that the line bundle Aqi 
on NiU is trivialized. Then we can consider .4.012 as an element in T(N2U; O x ). 
The associativity condition implies that A012 is a cocycle in C 2 (U\ O x ). The class 
of this cocycle in H 2 (U; O x ) does not depend on the choice of trivializations of the 
line bundle Aqi and yields a class in H 2 (X; O x ). 

We can write this class using the de Rham complex for jets. We refer to the Sec- 
tion [7j] for the notations and a brief review. The composition O x — > O x /C x 

0/C^m(J/0) induces the map H 2 (X;O x ) -> H 2 {X; m(J/0)) = H 2 (T(X;fl x (g> 
Jx/Ox), V can ). Here the latter isomorphism follows from the fact that the sheaf 
W x <g> Jx/Ox is soft. We denote by [S] 6 H 2 (T(X;Q X ® J x /O x ), V can ) the 
image of the class of <S in H 2 (X; O x ). In the Lemma \7. 131 (see also Lemma F7. 15|) 
we will construct an explicit representative for [S]. 



5. DGLA of local cochains on matrix algebras 

In this section we define matrix algebras from a descent datum and use them to 
construct a cosimplicial DGLA of local cochains. We also establish the acyclicity 
of this cosimplicial DGLA. 

5.1. Definition of matrix algebras. 

5.1.1. Matrix entries. Suppose that (U,A) is an i?-descent datum. Let A10 :— 
t*Aoi, where t = prj : N\U — > NiU is the transposition of the factors. The 
pairings (pr} 00 )*(Ai2) : Aw<&rAI -> Aw and (pr{ 10 )* (A012) ■ A\®rAw -> A10 
of sheaves on N-JJ endow Aw with a structure of a A\ (£> (.4j) op -module. 

The identities pr^ o prj 10 = Id, pr? 2 o pr J 10 = r and prg 2 o pr \ w = pr° o pr* 
imply that the pull-back of A012 by pr J 10 gives the pairing 

(prJ 10 )*(Ai2) : -4oi <8>i? -4io -> (5-1) 
which is a morphism of Aq ®k (-4g) op -modules. Similarly, we have the pairing 

(prJ 01 )*(^oi 2 ) : A w ®R Aqi -> A\ x (5.2) 

The pairings (gjg) , 631), (f5TT|) and ([O]) . .Ay ®ii -A,'*; Afc are morphisms 
of A\ ®r (Ak) op -modules which, as a consequence of associativity, factor through 
maps 

Aij <8> A i Aj k -* Aik (5.3) 

induced by Aijk = (pr^ fe )*(^4 i2); here k = 0, 1. Define now for every p > 
the sheaves A p - , < i,j < p, on AT p W by A p - — (pr p )*Aoi- Define also A p ijk = 
(P r fjfc)*(-^oi2)- We immediately obtain for every p the morphisms 

A% k : 4, ®^ A% - ^ (5.4) 
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5.1.2. Matrix algebras. Let Mat(_4)° = A; thus, Mat(_4)° is a sheaf of algebras 
on N Q U. For p = 1, 2, ... let Mat(.4) p denote the sheaf on N p U defined by 

MatG4)> = ^ 

The maps (15.41) define the pairing 

Mat(^) p ® Mat(^) p -> Mat(.A) p 

which endows the sheaf Mat (A) 1 ' with a structure of an associative algebra by 
virtue of the associativity condition. The unit section 1 is given by 1 = X^i=o •"■«> 
where l,j is the image of the unit section of A v ii . 

5.1.3. Combinatorial restriction. The algebras Mat(„4) p , p = 0, 1, . . ., do not 

form a cosimplicial sheaf of algebras on NU in the usual sense. They are, however, 
related by combinatorial restriction which we describe presently. 
For a morphism / : [p] — > [q] in A define a sheaf on N q U by 

Note that /%at(„4.) 9 inherits a structure of an algebra. 

Recall from the Section l2.3.1l that the morphism / induces the map /* : N q U — > 
N p U and that /* denotes the pull-back along /*. We will also use /* to denote the 
canonical isomorphism of algebras 

/* : /*Mat(,4) p -» f^t(A) q (5.5) 

induced by the isomorphisms f*A?j = Aju^fU) ■ 

5.1.4. Refinement. Suppose that p : V — > U is a morphism of covers. For 
p = 0, 1, . . . there is a natural isomorphism 

(N p p)*MsLt(A) p = Mat(^) p 

of sheaves of algebras on N p V. The above isomorphisms are obviously compatible 
with combinatorial restriction. 

5.2. Local cochains on matrix algebras. 

5.2.1. Local cochains. A sheaf of matrix algebras is a sheaf of algebras B to- 
gether with a decomposition 
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as a sheaf of vector spaces which satisfies Sy • Bjk — Bik- 

To a matrix algebra B one can associate to the DGLA of local cochains defined 
as follows. For n = let C°(B) loc = ©B^ cB = C°(B). For n > let C"(2?) ioc 
denote the subsheaf of C n (B) whose stalks consist of multilinear maps D such that 
for any collection of Si Mfc € Bi k j k 

1. D(s il j 1 ® • • • <gi Sj nJ - n ) = unless jfc = ifc+i for all = 1, . . . , n — 1 

2. £>( ) e B ioin 
ForJ=(i ,...,i n ) e H x " +1 let 

C J (B)' oc ^Hom^^-o 1 ^^,^) . 

The restriction maps along the embeddings ®"=o^j*j+i ^ ^ <g " 1 induce an isomor- 
phism C n (B) loc -•• e Ze[ p]x«+iC J (B) ioc . 

The sheaf C"(£)' oc [l] is a subDGLA of C*(B)[1] and the inclusion map is a 
quasi-isomorphism. 

For a matrix algebra B on X we denote by Def (B) loc (R) the subgroupoid of 
Dci(B)(R) with objects i?-star products which respect the decomposition given 
by (B ®fc = Bij ®fe i? and 1- and 2-morphisms defined accordingly. The 
composition 

Dei(B) loc (R) -► Def(S)(i?) -» MC 2 (r(A; C"(B)[1]) ® fc m fl ) 

takes values in MC 2 (r(X; C*(6) ioc [l]) <g>fc m-it) and establishes an isomorphism of 
2-groupoids Def {B) loc {R) S MC 2 (r(A; C"(23) ioc [l]) ® fc m R ). 

5.2.2. Combinatorial restriction of local cochains. Suppose given a matrix 
algebra B = ®' J=0 £>jj is a sheaf of matrix fc-algebras. 

The DGLA C*(B) loc [l] has additional variance not exhibited by C*(B)[1]. 
Namely, for / : [p] — > [q] - a morphism in A - there is a natural map of DGLA 

p . C '{B) loc [l] -> C'(fB) loc [l] (5.6) 

defined as follows. Let f^ J : (f^B)ij — > B/(i)/(_?) denote the tautological isomor- 
phism. For each multi-index / = (iq, . . . , i n ) £ [p] xn+1 let 

Let /jj™ := ©jgjXE+i/j 7 . The map (|5.6p is defined as restriction along /J 1 . 
Lemma 5.1. The map (|5.6[) is a morphism of DGLA 

f ■ C'(B) loc [l] -> C"(/ B £)' oc [l] . 
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If follows that combinatorial restriction of local cochains induces the functor 
MC 2 (/») : MC 2 (T(X; C'(B) loc [l}) ® k m R ) -» MC 2 (T(X; C'{fB) loc [l]) ® k m R ) . 
Combinatorial restriction with respect to / induces the functor 
f s : Def (B) loc (R) -> V)ei{fB) loc {R) . 
It is clear that the diagram 

Dci(B) loc (R) — Def(/*B) ,0C (.R) 

MC 2 (r(X;C-(By° c [l])® k m R ) MC ' U>) > MC 2 (T(X; C«(/«B) ,00 [1]) ® fc m fi ) 

5.2.3. Cosimplicial DGLA from descent datum . Suppose that (U,A) is a 
descent datum for a twisted sheaf of algebras as in !4.2.2l Then, for each p = 0, 1, . . . 
we have the matrix algebra Mat(„4) p as defined in 15. 11 and therefore the DGLA of 
local cochains C , (Mat(*4) p ) ioc [l] defined in 15.2. II For each morphism / : \p] — > [q] 
there is a morphism of DGLA 

f : C'{Mat(A) q ) loc [l] -> C'(fKat{A) q ) loc [l] 

and an isomorphism of DGLA 

C"(j%at(,4) 9 ) /oc [l] S /„C'(Mat(,4) p )' oc [l] 

induced by the isomorphism /* : /*Mat(.4) p — > f^fla.t(A) q from the equation (|5.5p . 
These induce the morphisms of the DGLA of global sections 

T{N q U;C*(Ma.t(A) q ) loc [l]) T{N P U; C (KaA{A) p ) loc [l}) 

^\/^^ ^^^^ 
r(N q U;f*C'(Mat(A)Py° c [l}) 

For A : [n] -> A let 

©U) A = r(JV A(n) W; A(0n),C'(MatU) A (°))' oc [l]) 

Suppose given another simplex /i : [m] — > A and morphism ^ : [m] — > [n] such 
that u = Ao</) (i.e. <f> is a morphism of simplices // — > A). The morphism (On) factors 
uniquely into — > </>(0) — > </>(m) — > n, which, under A, gives the factorization of 
A(0n) : A(0) -> A(n) (in A) into 

A(0) — ^— » u(0) — » u(m) — A(n) , ( 5 - 7 ) 
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where g — /i(0m). The map 

is the composition 

r(iV Mm) W; ff ,C'(MatU)^°))'° c [l]) 

T{N x[n) U; ^ 5 ,C-(MatU)^°))' oc [l]) A 

r(7V A(n)W; / l>tig>t /,C*(MatU) A ( ') /oc [l]) 

Suppose given yet another simplex, v : [I] — * A and a morphism of simplices 
tp : v — > fi, i.e. a morphism ^ : [I] — * [m] such that v = o tp. Then, the 
composition 0* o tp* : ®( 2 4) w — > G5(»4) A coincides with the map (0 o ?/;)». 

For n = 0,1,2,... let 

[n]-^A 

A morphism <p : [m] — > [n] in A induces the map of DGLA : <g(.4) m — > <9(.A) n . 
The assignment A 9 [n] >— > ©(.4)™, *— > 0* defines the cosimplicial DGLA denoted 

CC4). 

5.3. Acyclicity. 

Theorem 5.2. T/ie cosimplicial DGLA <5(A) is acyclic, i.e. it satisfies the con- 
dition 

The rest of the section is devoted to the proof of the Theorem 15.21 We fix a 
degree of Hochschild cochains k. 

For A : [n] -> A let c A = T(N^ n) U; \(0n)*C k (Ka.t(A) m ) loc ). For a morphism 
: /n A we have the map </>* : c p — > c A defined as in 15.2.31 
Let (£*, 9) denote the corresponding cochain complex whose definition we recall 
below. For n = 0,1,... let £" = I] c A . The differential d n : £" -> is 

[n]A> A 

defined by the formula 9" = ££l" X (-l)*(9?)*. 

5.3.1. Decomposition of local cochains. As was noted in 15.2.11 for n,q = 

0, 1, . . . there is a direct sum decomposition 

C k {Ha.t(A) q ) loc = C I (Mzt(A) q ) loc . (5.9) 

In what follows we will interpret a multi- index I = (io, . . . , i n ) 6 as a 

map /: {0, ...,&} —> [?]. For / as above let s(7) = | Im(/)| — 1. The map / factors 
uniquely into the composition 

{ 0,...,k}^[s(I)}^l[q] 



26 



P. Bressler, A. Gorokhovsky, R. Nest, B. Tsygan 



where the second map is a morphism in A (i.e. is order preserving). Then, the 
isomorphisms m(I)*A.i' (j) = -Am)jy) induce the isomorphism 

m(/)»C 7 ' (Mat(,4) s(/) )' oc C^MatU)")^ 

Therefore, the decomposition ()5.9|) may be rewritten as follows: 

C fc (MatU)«) (oc = 00 e^Mat^f)^ (5.10) 

e 7 

where the summation is over injective (monotone) maps e : [s(e)] — > [?] and swr- 
jective maps / : {0, ...,k} — > [s(e)]. Note that, for e, / as above, there is an 
isomorphism 

e*C I (tta.t(A) p ) loc S C eo/ (e l) Mat(^) s ( e ))' oc 

5.3.2. Filtrations. Let F*C fe (Mat Q4) 9 )' oc denote the decreasing filtration de- 
fined by 

F'<7*(MatG4) 9 ) ,oc = 0e»C / (MatU) p ) /oc 

e:s(e)>s / 

Note that F s C k (Ma.t(A) q ) loc = for s > k and Gr s C k (M&t{A) q ) loc = for s < 0. 

The filtration F'C fe (Mat (.A) A (°)) ioc induces the filtration F*c A , hence the filtra- 
tion F*£* with F s c A = T(N x{n) U; \(0n)^F s C k (Ha.t(A) x ^) loc ), F s £" = J] ^ 

The following result then is an easy consequence of the definitions: 
Lemma 5.3. For tfi : fi —* A the induced map 4>* '■ ^ —> c A preserves filtration. 
Corollary 5.4. The differential d n preserves the filtration. 

Proposition 5.5. For any s the complex Gr s (C , d) is acyclic in non-zero degrees. 

Proof. Use the following notation: for a simplex /i : [m] — > A and an arrow 
e : [s] -> [/i(0)] the simplex ^ e : [m + 1] -» A is defined by ^ e (0) = [s], /i e (01) = e, 
and /i e (i) = /u(i — 1), ji e {i,j) = fi(i — — 1) for i > 0. 
For D = (D A ) £ F S (T\ D A G c A and /x : [n - 1] -> A let 

T,e 

where e : [s] — > /x(0) is an injective map, / : {0, . . . , fc} — ► [s] is a surjection, 
and -D^ is the /-component of D^e in the sense of the decomposition (|5.9[) . Put 
h n (D) = (h n (D)n) e C 1 - 1 . ft is clear that ft, n (D) G F*C™ _1 . Thus the assignment 
D i — * h n (D) defines a filtered map ft™ : <£" — > C™ -1 for all n > 1. Hence, for any s 
we have the map Gr s h n : Gr s £ n -> Gr^C 71-1 . 

Next, we calculate the effect of the face maps d™" 1 : ^ [ra]. First of all, 

note that, for 1 < i < n — 1, (<9™ -1 )* = Id. The effect of (<9q -1 )» is the map on 
global sections induced by 

A(Ol)' 1 : A(ln)*C fc (Mat(,4) A «)' oc -» A(0n),C' £ (Mat( i 4) A ( )) ioc 
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and (d™" 1 )* = A(n - l,n)*. Thus, for D = (D x ) e F s € n , we have: 

f A ( 01 )»i:,, e e^ Aoarl)c ifi = 

((ar- 1 )^"p))A = (^r 1 )* E e *^Ao 9r > = i e * D l*o 9 r> if 1 < i < n - 1 



On the other hand, 



E/,e A (™ - !> n )* e * £> (Ao9"- 1 )e lf $ = n + 1 

Note that ^ 7 e e^D^ = Da mod F s+1 c A , i.e. the map h n+1 o d$ induces the 
identity map on Gr s c x for all A, hence the identity map on Gr s £ n . 

The identities (d™ - V(£>)) A = h n+1 {{df +1 )*D) x mod F s c A hold for < i < 

n. 

For n — 0, 1, ... let d n — ^2i(—^)d". The above identities show that, for n > 0, 
h n+1 o d n + d"- 1 o h n = Id. □ 



Proof of Theorem \5.SX Consider for a fixed k the complex of Hochschild degree 
k cochains €* . It is shown in Proposition 15.51 that this complex admits a finite 
filtration F'<£* such that Gr€* is acyclic in positive degrees. Therefore £*is also 
acyclic in positive degree. As this holds for every fc, the condition (|3.8[) is satisfied. 

□ 



6. Deformations of algebroid stacks 

In this section we define a 2-groupoid of deformations of an algebroid stack. We 
also define 2-groupoids of deformations and star products of a descent datum and 
relate it with the 2-groupoid C5-stacks of an appropriate cosimplicial DGLA. 

6.1. Deformations of linear stacks. 

Definition 6.1. Let B be a prestack on X in i?-linear categories. We say that B 
is flat if for any U C. X, A,B £ B(U) the sheaf Horn g (A, B) is flat (as a sheaf of 
R- modules). 

Suppose now that C is a stack in fc-linear categories on X and R is a commu- 
tative Artin fc-algebra. We denote by Def (C)(R) the 2-category with 

• objects: pairs (B,w), where B is a stack in i?-linear categories fiat over R 
and w : B ®ij k — > C is an equivalence of stacks in fc-linear categories 
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• 1-morphisms: a 1-morphism (B^\zu^) — > (B^ 2 \ zu^) is a pair (F, 8) where 
F : B^ B^ is a ^-linear functor and 6 : o (F ® R k) -> ro^ is an 
isomorphism of functors 

• 2-morphisms: a 2-morphism (F',6 1 ) — ► (F",6") is a morphism of i?-linear 
functors k : F' ~> F" such that 0" o (ld ro(2) ® (k ®r k)) = 6' 

The 2-category Def(C)(i2) is a 2-groupoid. 

Lemma 6.2. Suppose that B is a flat R-linear stack on X such that B <giR k is an 
algebroid stack. Then, B is an algebroid stack. 

Proof. Let x E X. Suppose that for any neighborhood U of x the category B(U) is 
empty. Then, the same is true about B <E)r k{U) which contradicts the assumption 
that B ®r k is an algebroid stack. Therefore, B is locally nonempty. 

Suppose that U is an open subset and A, B arc two objects in B{U). Let A 

and B be their respective images in B ®r, k(U). We have: Homg^^j (A, B) = 
T(U ; Honi gfA B) ®r k). Replacing U by a subset we may assume that there is an 
isomorphism <f> : A — > B. 
The short exact sequence 

0^m R ^R^k^0 

gives rise to the sequence 

-> Hom g (A B) ®_r mj; -> Hom B (A, B) Hom B (A, B)® R k->0 

of sheaves on 17 which is exact due to flatness of Hom e (A. £?). The surjectivity of 
the map Hom g (A, £?) — > Hom g (A, B) <g)# fc implies that for any x GU there exists 
a neighborhood ir G V C U and </> e T(V; Rom e (A\v, B\v)) = Hom B (y) (A\v , 
such that (/>|v is the image of <\>. Since </> is an isomorphism and is nilpotent it 
follows that <j> is an isomorphism. □ 

6.2. Deformations of descent data. Suppose that (U, A) is an fc-descent 
datum and R is a commutative Artin /c-algebra. 
We denote by Def'(li,A)(R) the 2-category with 

• objects: R- deformations of (14, A); such a gadget is a flat i?-descent datum 
(14, B) together with an isomorphism of fc-descent data tt : (U,B®r k)) — > 
(14, A) 

• 1-morphisms: a 1-morphism of deformations (14, B} 1 ^,^ 1 ^) — > (14, B} 2 \tt^) 
is a pair 

(<f>,a), where : (14, B} 1 ^) — ► (U,B} 2 ^) is a 1-morphism of i?-descent data and 
a : 7r( 2 ) o (g) fl fc) — > tt' 1 ) is 2-isomorphism 

• 2-morphisms: a 2-morphism (</>', a') — ► (<f>",a") is a 2-morphism b:cj)'—> 4>" 
such that o" o (IdL^j ® (6 <g>ij fc)) = a' 
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Suppose that (<f>,a) is a 1-morphism. It is immediate from the definition above 
that the morphism of fc-descent data <fi <S)r fc is an isomorphism. Since R is an 
extension of fc by a nilpotent ideal the morphism <j) is an isomorphism. Similarly, 
any 2-morphism is an isomorphism, i.e. Def'(W, A)(R) is a 2-groupoid. 

The assignment R i— > Dci'(U,A)(R) is fibered 2-category in 2-groupoids over 
the category of commutative Artin fc-algebras ([3]). 

6.2.1. Star products. A (R-)star product on (U,A) is a deformation (U,B,tr) 
of (U,A) such that Bqi = Aoi ®fe R and it : Bqi ®i? fc — > ^4oi is the canonical 
isomorphism. In other words, a star product is a structure of an i?-descent datum 
on (U,A<S>k R) such that the natural map 

(U,A® k R) -» (U,A) 

is a morphism of such. 

We denote by Def (U,A)(R) the full 2-subcategory of Def'(U,A)(R) whose ob- 
jects are star products. 

The assignment R i— > Def (U, A)(R) is fibered 2-category in 2-groupoids over the 
category of commutative Artin fc-algebras ([3]) and the inclusions Dei(U,A)(R) —> 
Def (U,A)(R) extend to a morphism of fibered 2-categories. 

Proposition 6.3. Suppose that (U,A) is a C-linear descent datum with A = 
NoU . Then, the embedding Bei(U,A)(R) -> Def' (W, A){R) is an equivalence. 

6.2.2. Deformations and ©-stacks. Suppose that (U,A) is a fc-descent datum 
and (<U,B) is an i?-star product on (U,A). Then, for every p = 0, 1, . . . the matrix 
algebra Mat(B) p is a flat i?-deformation of the matrix algebra Mat( r 4) p . The iden- 
tification Bqi = Aoi <S>k R gives rise to the identification Mat(S) p = Mat( s 4.) p Cg)fc R 
of the underlying sheaves of i?-modules. Using this identification we obtain the 
Maurer-Cartan element fi p G T(N P U; C 2 (Mat(„4) p )' oc ®fc mjj). Moreover, the equa- 
tion ()5.5[) implies that for a morphism / : [p] — > [q] in A we have = /'/i 9 - 
Therefore the collection pP defines an element in Stack str (©(.4.) ® k m/?)o. The 
considerations of 15.2.11 and 15.2.21 imply that this construction extends to an iso- 
morphism of 2-groupoids 

Bef(U,A)(R) -> Stack s t r ((S(^4) ® fe m R ) (6.1) 

Combining (|6.1[) with the embedding 

Stack str ((S( r 4) m^) -> Stack(©(,4) ® k vcir) (6.2) 

we obtain the functor 

T)ef(U,A)(R) -> Stack(«( i A) ® fe m fl ) (6.3) 

The naturality properties of (|6 . 3[) with respect to base change imply that (|6.3|) 
extends to morphism of functors on the category of commutative Artin algebras. 
Combining this with the results of Theorems 15.21 and 13 . 1 21 implies the following: 
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Proposition 6.4. The functor (|6.3[) is an equivalence. 

Proof. By Theorem 15.21 the DGLA <8(A) ®k satisfies the assumptions of The- 
orem [3TT2] The latter says that the inclusion (|6.2[) is an equivalence. Since (|6.1[) 
is an isomorphism, the composition (|6 . 3[) is an equivalence as claimed. □ 

7. Jets 

In this section we use constructions involving the infinite jets to simplify the cosim- 
plicial DGLA governing the deformations of a descent datum. 

7.1. Infinite jets of a vector bundle. Let M be a smooth manifold, 
and £ a locally-free O^-module of finite rank. 

Let 7T, : M x M — > M, i = 1,2 denote the projection on the i th . Denote by 
Am : M — ► M x M the diagonal embedding and let : QmxM — * ®m be the 
induced map. Let Im '■= kcr(A^). 

Let 

J k {£) := (ttx), (Omxm/4 +1 ® Ta - l0M ttJ 1 ^ , 

J7jvr := J" (Om)- It is clear from the above definition that J M is, in a natural way, 
a sheaf of commutative algebras and J k (£) is a sheaf of J^-modules. If moreover 
£ is a sheaf of algebras, J k (£) will canonically be a sheaf of algebras as well. We 
regard J k (£) as Oju-modules via the pull-back map 7rJ : Om — ► {ki)*OmxM 

For < k < I the inclusion I^ 1 — > T^/ 1 induces the surjective map J l (£) — * 
J k {£). The sheaves J k (£), k — 0,1,... together with the maps just defined 
form an inverse system. Define J{£) := \imj k {£). Thus, J{£) carries a natural 

topology. 

We denote by ps : J(£) — > £ the canonical projection. In the case when 
£ = Om we denote by p the corresponding projection p : Jm — ► Ca/ • By j fe : £ — > 
J {£) we denote the map e 1— ► 1 Cg> e, and j°° := \imj k . In the case £ = Om we 

also have the canonical embedding Om — ► Jm given by / 1— » / • j°°(l). 
Let 

d\ : OmxM ®7rJO M K"^ £ ~ * 7r r 1 ^M ®it- 1 Om ®MxM ®- k - 1 O m K 2 £ 

denote the exterior derivative along the first factor. It satisfies 

for each k and, therefore, induces the map 

d[ k) :J k (£)^n 1 M/v ®o M J k -\£) 

The maps d^' for different values of k are compatible with the maps J l (£) — > 
J'' 1 (£ ) giving rise to the canonical flat connection 

V can : J{£) -f ft Af ® J(£) 
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Here and below we use notation (•) ® J{£) for lim(») ®o M J k {£)- 
Since V ca ™ is fiat we obtain the complex of sheaves DR( J(£)) = (Q M <S> J(£), V ca "). 
When £ = Om embedding Om ~^ Jm induces embedding of de Rham complex 
DR(C) = (fl' M ,d) into DR(J). We denote the quotient by DR(J/0). All the com- 
plexes above are complexes of soft sheaves. We have the following: 

Proposition 7.1. The (hyper) cohomology H l (M, DR(J(£ ))) = H l (T(M; tt M ® 
J(£)),V ca ") is if i > 0. The map j°° : £ — > J{£) induces the isomorphism 
between T{£) and H°(M, DR( J(£))) = H a (T(M; Q M ® J(£)), V ca ") 

7.2. Jets of line bundles. Let, as before, M be a smooth manifold, Jm 
be the sheaf of infinite jets of smooth functions on M and p : Jm ~ * Om be the 
canonical projection. Set Jm,o = kerp. Note that Jm,o is a sheaf of Om modules 
and therefore is soft. 

Suppose now that £ is a line bundle on M. Let Isom (£(g) Jm, J(£)) denote the 
sheaf of local JM-module isomorphisms £ <S> Jm — » J(£) such that the following 
diagram is commutative: 

C®J M J(£) 




It is easy to see that the canonical map Jm — ► End j (£ ® Jm ) is an isomor- 
phism. For <j> e Jm,o the exponential series exp(</>) converges. The composition 

Jm,o ^ Jm -» End jM (£ ® Jm) 

defines an isomorphism of sheaves of groups 

exp : J M ,o -> Aut (£ <g> J M ) , 

where Aut (£(g> Jm) is the sheaf of groups of (locally defined) JM-linear automor- 
phisms of £ <g> Jm making the diagram 

£ (8) Jm *■ £ <g> Jm 




commutative. 

Lemma 7.2. The sheaf Isom (£ <g> Jm , J (£) ) is a torsor under the sheaf of groups 
exp Jm,o- 



Proof. Since £ is locally trivial, both J(£) and £ (g> Jm are locally isomorphic 
to Jm- Therefore the sheaf Isom (£ <g> Jm, J(£)) is locally non-empty, hence a 
torsor. □ 
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Corollary 7.3. The torsar ]som a {C®JMi is trivial, i.e. Isom (£(g>j7M, J{£)) ■= 

T(M;lsomn(£®JM,J(£))) 4 0. 

Proof. Since the sheaf of groups Jm,o is soft we have H 1 (M, Jm,o) — ([5], Lemme 
22, cf. also |6j, Proposition 4.1.7). Therefore every JM,crtorsor is trivial. □ 

Corollary 7.4. The setJsom.o(C l SiSMi >J{£)) is an a ffine space with the underlying 
vector space T(M; J7m,o)- 

Let C\ and Ci be two line bundles, and / : C\ — ► Ci an isomorphism. Then / 
induces a map Isom (£2 ® Jm, J{Ci)) — * Isomo(jCi ®Sm-, J{L\)) which we denote 
by Ad/: 

Ad/( ( 7) = (j 0O (/))- 1 ( T0(/®Id). 

Let £ be a line bundle on M and / : N — ► M is a smooth map. Then there is 
a pull-back map /* : Isom (£ <8> J M , J{C)) -v Isom (/*£ <8> J N ,J(f*£))- 

If £i, £ 2 are two line bundles, and cr, G Isom (£i ® Jm, J{Ci)), i = 1, 2. Then 
we denote by oi ® cr 2 the induced element of Isom ((£i €5 £2) <& i/m> J{C\ <8> £2)). 

For a line bundle C let £* be its dual. Then given a € Isom (£ ® »7m; <J{£)) 
there exists a unique a unique ct* G Isom (£* <g> Jm, J(C*)) such that er* (gxr = Id. 

For any bundle E J{E) has a canonical flat connection which we denote V ca " 
. A choice of a € Isomo(£ (g> Jm, J{£)) induces the flat connection cr _1 o V™" o a 
on £ ® Ja,/. 

Let V be a connection on C with the curvature 0. It gives rise to the connection 
V <g> Id + Id <g) V ca " on C ® J M . 



Lemma 7.5. 1. Choose a, V as above. Then the 

F(a, V) = a' 1 o V c c an o a - (V <g> Id + Id ® V ca ") (7.1) 
is an element of £ fJ 1 <g) End~ (£ (g> J7m) = fi 1 ® J7m- 
U. Moreover, F satisfies 

V can F(a, V) + 6> = (7.2) 

Proof. We leave the verification of the first claim to the reader. The flatness of 
= er -1 o V™ n o a implies the second claim. □ 

The following properties of our construction are immediate 

Lemma 7.6. 1. Let C\ and Ci be two line bundles, and f : C\ — > Ci an 

isomorphism. Let\J be a connection on Ci and a G Isomo(£2 ® Jmi Cfifi-'if)- 
Then 

F(a,V)=F(Ad/(a),Ad/(V)) 

2. Let C be a line bundle on M , V a connection on C and a 6 Isomo(£ <S> 
•Jm-, JT(C)). Let f : N — > M be a smooth map. Then 



f*F(a,V)=F(ra,f*V) 
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3. Let C be a line bundle on M, V a connection on £ and a G Isomo(£ <g> 
J M ,J{£))- Let<j)er(M;JM,o). Then 

F(<f> • <t, V) = F(a, V) + V can <P 

4- Let L\, C.2 be two line bundles with connections Vi and V 2 respectively, and 
let o~ i £ Isom (£i <S> Jm, J{d)), i = 1,2. Then 

F{a 1 <g> 0-2, Vi ® Id + Id <8> V 2 ) = F(a u Vi) + F(cr 2 , V 2 ) 

7.3. DGLAs of infinite jets. Suppose that (W,.4) is a descent datum 
representing a twisted form of Ox- Thus, we have the matrix algebra Mat (.4) and 
the cosimplicial DGLA <3(A) of local C- linear Hochschild cochains. 

The descent datum (U,A) gives rise to the descent datum (U, J (A)), J{A) = 
{J {A), J {Aqi) , j°° {A012)) , representing a twisted form of Jx, hence to the matrix 
algebra Mat (J (A)) and the corresponding cosimplicial DGLA &(J(A)) of local O- 
linear continuous Hochschild cochains. 

The canonical flat connection V can on J {A) induces the flat connection, still 
denoted V c<m on Mat (J (VI) ) p for each p; the product on Hzt(J(A)) p is horizontal 
with respect to V ctm . The flat connection V can induces the flat connection, still 
denoted V ca ™ on C*(Ka.t(J(A)) p ) loc [l] which acts by derivations of the Gersten- 
haber bracket and commutes with the Hochschild differential 8. Therefore we have 
the sheaf of DGLA DR(C*(MaX(J(A)) p ) loc [l}) with the underlying sheaf of graded 
Lie algebras Vt" NpU ® C* '(Mat (J '(A)) P Y° C [1} and the differential V ca " + S. 

For A : [n\ -Ta let 

®m(J(A)) X = r(JV A(n) W; A(On)»DR(C'(Mat(JU)) A (°))' oc [l])) 

be the DGLA of global sections. The "inclusion of horizontal sections" map induces 
the morphism of DGLA 

r : ®(A) X -> <8m(J(A)) X 

For <fi '■ [ m ] —> [n] in A, /i = A o cj> there is a morphism of DGLA <j>* : 
®m(J(A)y ®m(J(A)) x making the diagram 

<3(A) X ©dr(J(^)) A 
•504)" ©dr(JU))^ 

commutative. 



Let ® m (J(A)) n = U , a A ©dr(JU)) A - The assignment A 9 [n] ^ ©dr(JU))", 



t-> 0» defines the cosimplicial DGLA ©dr(J'(-4))- 

Proposition 7.7. TTie map j°° : <8(A) — > 25(^7(^4)) extends to a quasiisomor- 
phism of cosimplicial DGLA. 
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The goal of this section is to construct a quasiisomorphism of the latter DGLA 
with the simpler DGLA. 

The canonical flat connection V ca ™ on Jx induces a flat connection on C (Jx ) [1] , 
the complex of O-linear continuous normalized Hochschild cochains, still denoted 
yean ^^JjJqJj ac t s derivations of the Gerstenhaber bracket and commutes with 
the Hochschild differential 8. Therefore we have the sheaf of DGLA DR(C*(j7x)[l]) 
with the underlying graded Lie algebra fl x ® C (j7x)[l] and the differential 8 + 

yean 

Recall that the Hochschild differential 8 is zero on C°(Jx) due to commu- 
tativity of Jx- It follows that the action of the sheaf of abelian Lie algebras 
Jx = C°(Jx) on C (Jx)[l] via the restriction of the adjoint action (by deriva- 
tions of degree —1) commutes with the Hochschild differential 8. Since the cochains 
we consider are Ox-linear, the subsheaf Ox = Ox • C Jx acts trivially. 

Hence the action of Jx descends to an action of the quotient Jx/Ox- This 
action induces the action of the abelian graded Lie algebra £l x <g> Jx/Ox by 
derivations on the graded Lie algebra fl x <8> C (Jx)[^\- Moreover, the subsheaf 
(Cl x <S> Jx /Ox) cl '■= ker(V can ) acts by derivation which commute with the differ- 
ential 8 + V CQI \ For w £ T(X; (0| ® Jx/O x ) cl ) we denote by DR{C' ( J x 
the sheaf of DGLA with the underlying graded Lie algebra il x <8> C (Jx)[l] and 
the differential 8 + V ca " + i u . Let 

miJxh =T(X;m(C'(Jx)[l]h) , 

be the corresponding DGLA of global sections. 

Suppose now that U is a cover of X; let e : NU — > X denote the canonical map. 
For A : [n] -» A let 

©dr( Jt = V(N Mn) U; e*DR(C'(J x )[l})u J ) 

For n : [to] — > A and a morphism <p : [to] — * [n] in A such that fx = A o the map 
fi(m) A(n) induces the map 

</>* : «dr(J)£ - ®m(J)t 
For n = 0, 1, ... let © DR (J)™ = R , * . «m(.7)£. The assignment [n] ^ <S DR (^)2 

[n\— +A 

extends to a cosimplicial DGLA <&dr(i7)w We will also denote this DGLA by 
<&m{J)u{U) if we need to explicitly indicate the cover. 

Lemma 7.8. The cosimplicial DGLA < &m{J)u is acyclic, i.e. satisfies the condi- 
tion (j3~8f . 

Proof. Consider the cosimplicial vector space V with!/™ = T(N n U; e*DR(C ? *(Jx)[l]) w ) 
and the cosimplicial structure induced by the simplicial structure of NU. The co- 
homology of the complex (V',d) is the Cech cohomology of U with the coefficients 
in the soft sheaf of vector spaces Q,' ® C (J7x)[l] and, therefore, vanishes in the 
positive degrees. <3 D r( J)u as a cosimplicial vector space can be identified with V 
in the notations of Lemma 12.11 Hence the result follows from the Lemma 12.11 □ 
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We leave the proof of the following lemma to the reader. 

Lemma 7.9. The map e* : 0t>r{Jx)u> ~^ ®dr{J)Z induces an isomorphism of 
DGLA 

0dr(Jx)o, = kcr(0 DR (J)° =t em{J)i) 

where the two maps on the right are (<9q)* and (d®)*. 

Two previous lemmas together with the Corollary 13.131 imply the following: 

Proposition 7.10. Let u> E T(X; {fl\ (8 Jx/Ox) I ) and let m be a commutative 
nilpotent ring. Then the map e* induces equivalence of groupoids: 

MC 2 ( flDR ( J x )u, ® m) S Stack(6 DR ( J) w ® m) 

For /3 6 r(X;Sl 1 ® Jx/Ox) there is a canonical isomorphism of cosimplicial 
DGLA exp(t /3 ) : &m{J)w+w=*»p — * <3dr(J")w Therefore, © D r(J% depends only 
on the class of w in H^ K {Jx /Ox)- 

The rest of this section is devoted to the proof of the following theorem. 

Theorem 7.11. Suppose that (LI, A) is a descent datum representing a twisted 
formS of Ox- There exists a quasi-isomorphism of cosimplicial DGLA <&m{J)[s] — 
<£>m{J{A)). 

7.4. Quasiisomorphism. Suppose that (U,A) is a descent datum for a 
twisted form of Ox- Thus, A is identified with On u and Aoi is a line bundle on 
NxU. 

7.4.1. Multiplicative connections. Let C^{Aoi) denote the set of connections 
V on Aoi which satisfy 

1. AdAi 2 ((prg 2 )*V) = (pr2 1 )*V®Id+Id®(pr2 2 )*V 

2. (prp )*V is the canonical flat connection on Om u- 

Let l$om§{Ao\®JistxUi J{Aoi)) denote the subset of 1&omo(Aoi®J'N 1 u, J {Aoi)) 
which consists of a which satisfy 

1. Ad A q12 {{p4 2 )*<j) = (prg x )*ff ® (prf 2 )V 

2. (pr« )V = Id 

Note that the vector space {14; fl 1 ) of cocycles in the normalized Cech com- 
plex of the cover U with coefficients in the sheaf of 1-forms ft 1 acts on the set 
C ,1 {Aoi), with the action given by 

a-V = V + a (7.3) 

Here V G C»(Aqi), a £ z\U; ft 1 ) C Q 1 (N 1 U). 

Similarly, the vector space Z (14; Jo) acts on the set Isomg {Aoi^J^u, J{Aqi)), 
with the action given as in Corollary 17.41 

Note that since the sheaves involved are soft, cocycles coincide with cobound- 
aries: 'Z 1 {U;^ 1 ) = B 1 ^;^ 1 ), Z* {U; Jo) = B 1 {U; Jo). 
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Proposition 7.12. The set C^(Aoi) (respectively, IsoniQ (.4oi <8> Jn x Ui J{Aqx))) 



is an affine space with the underlying vector space being Z (U;&V~) (respectively, 
z\U;J )), 

Proof. Proofs of the both statements are completely analogous. Therefore we 
explain the proof of the statement concerning IsoniQ (Aqi <8> Jn x u, J(Aqi)) only. 

We show first that Isom^^loi ® Jn^Ut J{Ao\)) is nonempty. Choose an ar- 
bitrary a € Isom (A)i ® Jn x Ut J{Aij)) such that (prQ )*cr = Id. Then, by 
Corollary \7A\ there exists c G T(N 2 U; Jo) such that c- (AdAowdd 1 )*^)) = 
(d°)*aoi ® (d 2 )*ai2- It is easy to see that c G Z cxp Jq). Since the sheaf 
exp J§ is soft, corresponding Cech cohomology is trivial. Therefore, there exists 
G C (U; Jq) such that c = d(j). Then, • cr G Isom^(./4oi ® Ja/^w, JXAn))- 

Suppose that cr, cr' G Isom^ (Aqi^J^u, J(Aqi)). By the Corollarv l 7. 41 cr = cf>-a' 
for some uniquely defined G T(A r 2^/; Jo). It is easy to see that 4> G Z (U; Jq). □ 

We assume from now on that we have chosen a G Isom^^loi <8> Jn^, J(Aoi)), 
V G C M (.4oi)- Such a choice defines cr^ G Isom (Aj ® Jn p u , J (Ai-j)) for every p 
and < i, j < p by cr p - = (pr^- )*cr. This collection of crf^ induces for every p algebra 
isomorphism a p : Mat(.4) p <S> Jn p u —* Mat(J(A)) p . The following compatibility 
holds for these isomorphisms. Let / : [p] — ► [q] be a morphism in A. Then the 
following diagram commutes: 



f*(Mat(A)P ® J NpU ) 
/♦Mat(JCA))P 



»Mat(.7G4))« 



Similarly define the connections V p - = (pr?-)*V. For p = 0,1,. 
©i ,-_ Vi 3 -; the connections V p on Mat(^4) p satisfy 

/*V P = (Ad /,)(/» V«) . 



(7.4) 



set V p = 



(7.5) 



Note that f (cr, V) G T(N 1 U; Q 1 NiU ®Jn 1 u) is a cocycle of degree one in C*(U; 
Jx). Vanishing of the corresponding Cech cohomology implies that there exists 
F° G T(N U; £l l NoU ® J}v oW ) such that 



(d 1 )*^ - {d°)*F° = F(ct,V). 



(7.6) 



For p = 0, 1, . . ., < i < p, let F£ = (prf )*F°; put = for i ^ j. Let 
F p G T(N p U\ f2]y w (8)Mat(^4) p )(gi JjvpW denote the diagonal matrix with components 
F?-. For / : [p] —> [q] we have 



/*F P = /" F 9 



(7.7) 



Then, we obtain the following equality of connections on Ka.t(A) p ® Jn p u- 

{o-p)- 1 o V can o cr p = V p ® Id + Id ® V ctm + ad F p (7.8) 
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The matrices F p also have the following property. Let V can F p be the diagonal 
matrix with the entries (V can F p )u = V can Ff v Denote by V can F p the image of 
V canp P under the natural map T{N p U] ti 2 NpU ma.t{A) p ®J NpU ) -> T{N p U; Vl 2 NpU ® 
Mat(„4) p ® (Jn p u/On p u))- Recall the canonical map e p : N p U — » X. Then, we 
have the following: 

Lemma 7.13. There exists a unique lo G T(X; (Q 2 X ® J x /O x ) ) such that 

V ca "FP = -e*Lo (g) Id p , 
where Id p denotes the (p + 1) X (p + 1) identity matrix. 

Proof. Using the definition of F° and formula (7\2]) we obtain: (d 1 )* V ca ",F - 
(d°)*V can F° = V can F(a, V) e 2 (iViW). Therefore (d 1 )* V ca "F°-(d°)* V ca "F° = 
0, and there exists a unique lo G r(X; ® (J x /O x )) such that e^w = V"™^ . 
Sin ce (V ctm ) 2 = it follows that V can LO = 0. For any p we have: {V can F p ) vl = 
pr*V can F° = c*lo, and the assertion of the Lemma follows. □ 

Lemma 7.14. The class of w in H 2 (T(X; n m x <8> Jx/Ox), V ca ") does not depend 
on i/ie choices made in its construction. 

Proof. The construction of lo depends on the choice of a G Isonip (^oi^JjViW, J{Aoi)), 
VeC (^4oi ) an d F° satisfying the equation (|7.6[) . Assume that we make different 
choices: a' = {defy -a, V = (da) -V and (F )' satisfying <9(T )' = F(o-', V). Here, 
4> G C° (U; Jo) and a G ~C° (U; Q 1 ). We have: F(er', V) = F(a, V)-cW<9V ctm 0- It 
follows that d((F )' -F°-V can (f)+a) = 0. Therefore V can 0+a = -e%0 

for some /3 G T(X;H, X ® J7x). Hence if lo' is constructed using a', V, (-F )' 
then a/ — lo — V ca ™/3 where (3 is the image of (3 under the natural projection 

v{x-n x ® j x ) ^v{x-n x ® {j x /Ox)). □ 

Let p : V — > W be a refinement of the cover and (V,A P ) the corresponding 
descent datum. Choice of cr, V, F° on W induces the corresponding choice (Np)*a, 
(Np)*V, (Np)*(F°) on V. Let w p denotes the form constructed as in Lemma 17. 131 
using {Np)*<r, (iV>)*V, {Np)*F°. Then, 

LO P = (N P )*LO. 

The following result now follows easily and we leave the details to the reader. 

Proposition 7.15. The class of lo in H 2 {T{X;VL X ® J x /O x ), V ca ") coincides 
with the image [S] of the class of the gerbe. 

7.5. Construction of the quasiisomorphism. For A : [n] — > A let 

f, A := r(JV A(n) W; nV x(n)M ® A(0n),C*(MatU) A (°' ® Jjv x(0)W ) !oc [1]) 

considered as a graded Lie algebra. For </> : [m] — > [n], p = \o<f> there is a morphism 

of graded Lie algebras 0* : io M — > f) A . For n = 0, 1, . . . let $j n := FT A f) A . The 

[n]— >A 

assignment A 9 [n] i— » f)™, 0^0* defines a cosimplicial graded Lie algebra f). 
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For each A : [n] — > A the map 

a A := Id ® A(0n)»(a A ^) : £ A -» ©dr(JU)) A 

is an isomorphism of graded Lie algebras. It follows from (|7.4p that the maps cr A 
yield an isomorphism of cosimplicial graded Lie algebras 

<x* : fi -> ®dr(JU)). 

Moreover, the equation (|7.8p shows that if we equip f) with the differential given 
on T{N Hn) U- n' Nx(n)U ® A(07i),C'(MatU) A (°) ® J Nhq)U ) 1oc [1]) by 

<5 + A(0n)» ( V A(0) ) ® Id + Id ® V ca " + ad A(0n)» (F A ^ ) 

= 5 + A(0n) t) (V A(n) ) ® Id + Id ® V can + ad A^n) 8 ^^)) (7.9) 

then <r* becomes an isomorphism of DGLA. Consider now an automorphism cxp ip 
of the cosimplicial graded Lie algebra given on Sj x by exp tA(0n)»F ■ Note the fact 
that this morphism preserves the cosimplicial structure follows from the relation 

The following result is proved by the direct calculation; see [4], Lemma 16. 
Lemma 7.16. 

exp(i Fp ) o {6 + V p ® Id + Id ® V ca ™ + ad F p ) o exp(-i Fp ) = 

<S + V p ®Id+Id®V ctm -t V Fp. (7.10) 

Therefore the morphism 

expi F : Sj -> £ (7.11) 

conjugates the differential given by the formula (|7.9[) into the differential which on 
f) A is given by 

(5 + A(0n)*(V X(0) ) ® Id+ Id ® V ca ™ - t A (on)»(v-FMo)) (7.12) 
Consider the map 

cotr : C'^w)!!] -> C^Mat^ ® J Np u)[l] (7.13) 

defined as follows: 

cotr(D)(ai ® ji, . . . ,a„ ® j„) = a . . . a n D(ji, . .., j n ). (7.14) 

The map cotr is a quasiisomorphism of DGLAs (cf. [15] , section 1.5.6; see also 
[5 Proposition 14). 

Lemma 7.17. For every p the map 

Id® cotr: n' NpU ®C\j NpU )[l] -^fl' NpU ®C'{nat(A)P® J NpU )[l] ■ (7.15) 

is a quasiisomorphism of DGLA, where the source and the target are equipped with 
the differentials S + SJ can + i e „ u and S + V p ® Id + Id ® V c<m — L\>p P respectively. 
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Proof. It is easy to see that Id <g> cotr is a morphism of graded Lie algebras, which 
satisfies (V p ®Id+Id<g)V CQn )o(ld®cotr) = (ld®cotr)o V CQn and So (id® cotr) = 
(id (g) cotr) o S. Since the domain of (Id (g> cotr) is the normalized complex, in view 
of the Lemma [7.131 we also have ivfp ° (Id <g> cotr) = —(id ® cotr) o t e *w This 
implies that (id <8> cotr) is a morphism of DGLA. 

To see that this map is a quasiisomorphism, introduce filtration on £1% u by 

Fi^N p u = ^^Tzl an d consider the complexes C {Jn v u)\}-] and C"(Mat(.A)) p <8 
c7iv p w)[l] equipped with the trivial filtration. The map (|7.15p is a morphism of 
filtered complexes with respect to the induced nitrations on the source and the 
target. The differentials induced on the associated graded complexes are S (or, 
more precisely, Id ® 8) and the induced map of the associated graded objects is 
Id £g) cotr which is a quasi-isomorphism. Therefore, the map (|7.15[) is a quasiiso- 
morphism as claimed. □ 

The map (|T. 15(1 therefore induces for every A : [n] — > A a morphism Id <g> cotr : 
QmiJ)^ — > -£) A - These morphisms are clearly compatible with the cosimplicial 
structure and hence induce a quasiisomorphism of cosimplicial DGLAs 

Id ® cotr : <3 DR ( J) u -> Sj 

where the differential in the right hand side is given by (|7.12[) . 
We summarize our consideration in the following: 

Theorem 7.18. For a any choice of a £ Isoirio(.Aoi <8> JnxUt J(Aqi)), V 6 
C(^loi) and F° as in (17. 6j) the composition ^ a ,v.F '■= o~* ° exp(ti?) o (id ® cotr) 

*«r,V,F ■ ®m(J)u -> ©dr(JU)) (7.16) 

is a quasiisomorphism of cosimplicial DGLAs. 

Let p : V -> W be a refinement of the cover U and let (V,A P ) be the in- 
duced descent datum. We will denote the corresponding cosimplicial DGLAs by 
©dr(J%(W) and © D r(J%(V) respectively. Then the map Np : NV -> MY induces 
a morphism of cosimplicial DGLAs 

(Np)* : <3 m (J(A)) - ©dr(JU")) (7.17) 

and 

(Np)* : <8 m {J) u (U) -» <5 D r(J%(V). (7.18) 

Notice also that the choice that the choice of data cr, V, F° on AW induces the 
corresponding data (Np)*a, (Ap)*V, (Np)*F° on AV. This data allows one to 
construct using the equation (|7.16j) the map 

®(N P ya,(N P yv.,(N P yF ■ <5dr(J% -» (5 DE (J(/)) (7.19) 

The following Proposition is an easy consequence of the description of the map 
$, and we leave the proof to the reader. 
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Proposition 7.19. The following diagram commutes: 
®m(JUU) ®m(JUV) 

*<r,V,F 

8. Proof of the main theorem 

In this section we prove the main result of this paper. Recall the statement of the 
theorem from the introduction: 

Theorem 1. Suppose that X is a C°° manifold and S is an algebroid stack on X 
which is a twisted form of Ox- Then, there is an equivalence of 2-groupoid valued 
functors of commutative Artin <C-algebras 

Defx(S) = MC 2 { 8 m{ Jx) [s] ) ■ 

Proof. Suppose U is a cover of X such that e^S(NoU) is nonempty. There is a 
descent datum (U,A) € Descc(W) whose image under the functor Descc(W) — > 
AlgStack c (AT) is equivalent to S. 

The proof proceeds as follows. Recall the 2-groupoids Def'(U,A)(R) and 
Def (U, A)(R) of deformations of and star-products on the descent datum (U,A) 
defined in the Section [6721 Note that the composition Desc#(W) — > Tyivr(X) — > 
AlgStack fl (A:) induces functors Def'(U,A)(R) -> Def(5)(i?) and Def (W, A) (R) -> 
Def(5)(i2), the second one being the composition of the first one with the equiva- 
lence Def (U,A)(R) — * Def (W,s4)(ii). We are going to show that for a commuta- 
tive Artin C-algebra R there are equivalences 

1. Def^Xi?) S MC 2 ( 0DR (Jx) [5 ])(i?) and 

2. the functor Def (U,A){R) = Def(S)(i?) induced by the functor Def (U,A)(R) - 
Def above. 

Let J(„4) = (J(Aoi),j°°(Aoi2))- Then, (U,J(A)) is a descent datum for a 
twisted form of Jx ■ Let R be a commutative Artin C-algebra with maximal ideal 
niR. 

Then the first statement follows from the equivalences 

Bef(U,A)(R) £ Stack(0( i A)(8)m i? ,) (8.1) 

s Stack(0 DR (J r G4)))®m fl ) (8.2) 

* Stack((S DR (J x ) [5] ®m fl ) (8.3) 

= MC 2 ( 0DR (Jx) [5 ] ®m fl ) (8.4) 

Here the equivalence (|8.1|) is the subject of the Proposition 16.41 The inclusion 
of horizontal sections is a quasi-isomorphism and the induced map in (|8.2[) is an 



'(Np)*i,(»p)* V,(Np)*F 



(7.20) 
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equivalence by Theorem 13.61 In the Theorem 17.181 we have constructed a quasi- 
isomorphism <8(Jx)[s] — » ®{J(A)); the induced map f|8.3|) is an equivalence by 
another application of Theorem 13.61 Finally, the equivalence (18.41) is shown in the 
Proposition 17.101 

We now proceed with the proof of the second statement. We begin by consid- 
ering the behavior of Def'(U, A)(R) under the refinement. Consider a refinement 
p : V — > U . Recall that by the Proposition 17.101 the map e* induces equiva- 
lences MC 2 (fl m (Jx) w <g>m) -> Stack(© DR (J%(W)®m) and MC 2 ( flDR (Jx) w ® m) -> 
Stack(25 DR ( l 7) ti; (V) ® m). It is clear that the diagram 



MC 2 ( Sm (J x 



Stack((5 DR ( l 7) w (W) ®m) 



(JVp)" 




Stack((5 DR (J%(V)«>m) 



commutes, and therefore (iV»* : Stack(6 DR (J%(W) ® m) -> Stack((3 DR (J%(V) <8> 
m) is an equivalence. Then the Proposition 17.191 together with the Theorem 13.61 
implies that {Np)* : Stack(© DR (J r ( i 4))) ® m) -> Stack(© DR ( J(A P ))) ® m) is an 
equivalence. It follows that the functor p* : Def (W, ^4)(-R) — > Def (V, ,A p )(i?) is an 
equivalence. Note also that the diagram 

Def (U,A){R) — ^— > Def(V,A p )(R) 

I . I 

Def'(U,A)(R) — Def'(V,,4 p )(i?) 

is commutative with the top horizontal and both vertical maps being equivalences. 
Hence it follows that the bottom horizontal map is an equivalence. 

Recall now that by the Proposition ^ . 3l the embedding Def (U, A) (R) — > Def' (U, A) (R) 
is an equivalence. Therefore it is sufficient to show that the functor Dei 1 (14, A)(R) — > 
Def (<S)(i?) is an equivalence. Suppose that C is an i?-deformation of S. It follows 
from Lemma 16.21 that C is an algebroid stack. Therefore, there exists a cover 

V and an i?-descent datum (V,B) whose image under the functor Desc_j{(V) — » 
AlgStack fl (X) is equivalent to C. Replacing V by a common refinement of U and 

V if necessary we may assume that there is a morphism of covers p : V — > U. 
Clearly, (V, B) is a deformation of {V,A P ). Since the functor p* : Def'(U,A)(R) -> 
Def'(V,.4 p ) is an equivalence there exists a deformation (U,&) such that p*(U,&) 
is isomorphic to (V,&). Let C denote the image of (U,B[) under the func- 
tor Desc fl (V) -> AlgStack iJ (X). Since the images of and p*(U,B') in 
AlgStackjj(X) are equivalent it follows that C is equivalent to C. This shows that 
the functor Def' (U,A)(R) — » Def (C)(i?) is essentially surjective. 

Suppose now that (U,B^), i = 1,2, are i?-deformations of (U,A). Let CW 
denote the image of (U,B {l} ) in Def(5)(fl). Suppose that F : CM -> (H 2 ) is a 
1-morphism. 
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Let L denote the image of the canonical trivialization under the composition 

e$(F) : BW+ S e*C {1) ^ e* Q C {1) = . 

Thus, L is a B (1) ®_R,B (2)op -module such that the line bundle L® R <C is trivial. There- 
fore, L admits a non-vanishing global section. Moreover, there is an isomorphism 

/ : B$ ®(fla>) } (pri)*i - (pr£)*L ® (BW) i B$ of (23 (1) )J ®_r, ((B (2) )}) op -modules. 
A choice of a non-vanishing global section of L gives rise to isomorphisms 

4i = B$ ® (B ci))| ( P r})*L and fig 5 - (prJ)*Z ® (flC2) ji B$. 
The composition 

B® = B$ ® (s(1)) i (prJ)*L (pr£)*Z ® (B(a)) j £<, 2) - B« 

defines a 1-morphism of deformations of (U,A) such that the induced 1-morphism 
QW -» C (2) is isomorphic to F. This shows that the functor Def' (U, A){R) -> 
Dcf(C) induces essentially surjective functors on groupoids of morphisms. By sim- 
ilar arguments left to the reader one shows that these are fully faithful. 

This completes the proof of Theorem [T] □ 
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